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Famous Words: 
Science is unpredictable. If I had known it, I would have found it before. 


By Stephen Hawking, a British physicist. 
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Abstract: In this paper, we investigate special spacelike Smarandache curves of timelike 
curves according to Sabban frame in Anti de Sitter 3-Space. Moreover, we give the rela- 
tionship between the base curve and its Smarandache curve associated with theirs Sabban 
Frames. However, we obtain some geometric results with respect to special cases of the 
base curve. Finally, we give some examples of such curves and draw theirs images under 


stereographic projections from Anti de Sitter 3-space to Minkowski 3-space. 


Key Words: Anti de Sitter space, Minkowski space, Semi Euclidean space, Smarandache 


curve. 


AMS(2010): 53A35, 53C25. 


§1. Introduction 


It is well known that there are three kinds of Lorentzian space. Minkowski space is a flat 
Lorentzian space and de Sitter space is a Lorentzian space with positive constant curvature. 
Lorentzian space with negative constant curvature is called Anti de Sitter space which is quite 
different from those of Minkowski space and de Sitter space according to causality. The Anti de 
Sitter space is a vacuum solution of the Einstein’s field equation with an attractive cosmological 
constant in the theory of relativity. The Anti de Sitter space is also important in the string 
theory and the brane world scenario. Due to this situation, it is a very significant space from 
the viewpoint of the astrophysics and geometry (Bousso and Randall, 2002; Maldacena, 1998; 
Witten, 1998). 

Smarandache geometry is a geometry which has at least one Smarandachely denied axiom. 
An axiom is said to be Smarandachely denied, if it behaves in at least two different ways 
within the same space (Ashbacher, 1997). Smarandache curves are the objects of Smarandache 
geometry. A regular curve in Minkowski space-time, whose position vector is composed by 
Frenet frame vectors on another regular curve, is called a Smarandache curve (Turgut and 
Yilmaz, 2008). Special Smarandache curves are studied in different ambient spaces by some 
authors (Bektag and Yiice, 2013; Koc Ozturk et al., 2013; Tagképrii and Tosun, 2014; Turgut 
and Yimaz, 2008; Yakut et al., 2014). 
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This paper is organized as follows. In section 2, we give local diferential geometry of non- 
dejenerate regular curves in Anti de Sitter 3-space which is denoted by H}. We call that a curve 
is AdS curve in H} if the curve is immersed unit speed non-dejenerate curve in H}. In section 3, 
we consider that any spacelike AdS curve @ whose position vector is composed by Frenet frame 
vectors on another timelike AdS curve a in H?. The AdS curve @ is called AdS Smarandache 
curve of a in H}. We define eleven different types of AdS Smarandache curve 3 of @ according 
to Sabban frame in H}. Also, we give some relations between Sabban apparatus of a and G for 
all of possible cases. Moreover, we obtain some corollaries for the spacelike AdS Smarandache 
curve @ of AdS timelike curve @ which is a planar curve, horocycle or helix, respectively. In 
subsection 3.1, we define AdS' stereographic projection, that is, the stereographic projection from 
H? to R?. Then, we give an example for base AdS curve and its AdS Smarandache curve, which 
are helices in H?. Finally, we draw the pictures of some AdS curves by using AdS stereographic 
projection in Minkowski 3-space. 


§2. Preliminary 


In this section, we give the basic theory of local differential geometry of non-degenerate curves 
in Anti de Sitter 3-space which is denoted by H}. For more detail and background about Anti 
de Sitter space, see (Chen et al., 2014; O’Neill, 1983).. 

Let R$ denote the four-dimensional semi Euclidean space with index two, that is, the real 
vector space R* endowed with the scalar product 


(x,y) = —-21Y1 — T2Y2 + ©3Y3 + Lays 


for all @ = (21, 72,23,%4), y = (Yi, Yo, y3, ya) € R*. Let {e1, €2,€3,e4} be pseudo-orthonormal 
basis for R$. Then di; is Kronecker-delta function such that (e;,e;) = dij¢; for e) = €2 = 
-leg=e,=l. 
A vector x € R3 is called spacelike, timelike and lightlike (null) if (a,a2) >0 (or # = 0), 
(x,a@) <0 and (x,x) = 0, respectively. The norm of a vector x € R$ is defined by ||z|| = 
\(x,a)|. The signature of a vector x is denoted by 


1, a is spacelike 
sign(w)=¢ 0, a is null 


—1, 2 is timelike 


The sets 


S} {x ¢ R3 | (w,2) =1} 
Hi = {eR} | (w,e)=-1} 


l| 


are called de Sitter 3-space with index 2 (unit pseudosphere with dimension 3 and index 2 in 
R4) and Anti de Sitter 3-space (unit pseudohyperbolic space with dimension 3 and index 2 in 


Spacelike Smarandache Curves of Timelike Curves in Anti de Sitter 3-Space 3 


R4), respectively. 


The pseudo vector product of vectors x! , x? , x° is given by 


1 
Ty TT 3 L4 


2 2 2 2 
Ty Tm] 3 V4 

3 3 3 3 
xy La £3 XY 


where {€1, €2, €3, €4} is the canonical basis of R$ and x = (x1, 24, x74, 24), i = 1,2,3. Also, it 
is clear that 


(aw, a! Aa? A a?) = det(a, x, x, 2°) 
for any x € R$. Therefore, x! A x? \ x? is pseudo-orthogonal to any x’, i = 1, 2,3. 


We give the basic theory of non-degenerate curves in H?. Let a : I — H} be regular curve 
(i.e., an immersed curve) for open subset J Cc R. The regular curve aq is said to be spacelike or 
timelike if @ is a spacelike or timelike vector at any t € I where a@(t) = da/dt. The such curves 
are called non-degenerate curve. Since @ is a non-degenerate curve, it admits an arc length 
parametrization s = s(t). Thus, we can assume that a(s) is a unit speed curve. Then the unit 
tangent vector of @ is given by t(s) = a’(s). Since (a(s) ,a(s)) = —1, we have (a(s),t’(s)) = 
—6, where 6; = sign(t(s)). The vector t’(s) — 6,a(s) is pseudo-orthogonal to a(s) and f(s). 
In the case when (a@”(s),a’’(s)) # —1 and t'(s) — d,;a(s) 4 0, the pirinciple normal vector 
and the binormal vector of @ is given by n(s) = pees. and b(s) = a(s) A t(s) A n(s), 
respectively. Also, geodesic curvature of @ are defined by kg(s) = ||t’(s) — 6,a(s)|]. Hence, we 
have pseudo-orthonormal frame field {a(s), t(s),(s),b(s)} of R$ along a. The frame is also 
called the Sabban frame of non-dejenerate curve a on H}? such that 


t(s) An(s) A b(s) = 63a(s), n(s) A B(s) A a@(s) = 01 63 E(s) 
b(s) A a(s) At(s) = —d2 63 n(s), a(s)At(s) A n(s) = B(s). 


where sign(t(s)) = 61, sign(n(s)) = 62, sign(b(s)) = 63 and det(a,t,n,b) = —ds. 


Now, if the assumption is < a’(s),a@”(s) >4 —1, we can give two different Frenet-Serret 
formulas of @ according to the causal character. It means that if 6; = 1 (6, = —1), then @ is 
spacelike (timelike) curve in H}. In that case, the Frenet-Serret formulas are 


a’(s) 0 1 0 0 a(s) 
t'(s) - 1 0 Kg(s) 0 t(s) (2) 
n'(s) 0 —61d2k,(s) 0 —6163Tg(s) n(s 


) 
b’(s) 0 0 6162T,(s) 0 b(s) 


— ot det(a(s),a’(s),a’’(s),a’’’(s)) : 


where the geodesic torsion of @ is given by T,(s) CHO) 


Remark 2.1 The condition < a”(s),a”(s) >4 —1 is equivalent to kg(s) 4 0. Moreover, we 
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can show that k,(s) = 0 and t’(s) — 6,a(s) = 0 if and only if the non-degenerate curve @ is a 
geodesic in H}. 


We can give the following definitions by (Barros et al., 2001; Chen et al., 2014). 
Definition 2.2 Let a: I CR — H? is an immersed spacelike (timelike) curve according to the 
Sabban frame {a,t,n,b} with geodesic curvature kg and geodesic torsion T,. Then, 

(1) If t =0 , @ is called a planar curve in H}; 

(2) If kg =1 andt, =0, @ is called a horocycle in H}; 


(3) If T, and kg are both non-zero constant, a is called a helix in H?. 


Remark 2.3 From now on, we call that a is a spacelike (timelike) AdS curve ifa: IC R— H} 


is an immersed spacelike (timelike) unit speed curve in H}. 


§3. Spacelike Smarandache Curves of Timelike Curves in H} 


In this section, we consider any timelike AdS curve a@ = a(s) and define its spacelike AdS 
Smarandache curve @ = G(s*) according to the Sabban frame {a(s), t(s),n(s), b(s)} of @ in 
H? where s and s* is arc length parameter of a and {, respectively. 


Definition 3.1 Let a = a(s) be a timelike AdS curve with Sabban frame p = {a,t,n, b} 
and geodesic curvature Kg and geodesic torsion Tg. Then the spacelike vjvj—Smarandache AdS 


curve (3 = 3(s*) of a is defined by 


a ee v;(s 
B(s Na i(s) + bv;(s)), (3) 


where vi,v; € y fori # Jj and a,b € R such that 


[as [e-¥=2 | : 


nb | a*+b? =-2 
(Undefined) 
Theorem 3.2 Let a = a(s) be a timelike AdS curve with Sabban frame yp = {a,t,n,b} and 


geodesic curvature kg and geodesic torsion T,. If 8 = B(s*) is spacelike vjv;—Smarandache AdS 


curve with Sabban frame {8,tg,ng,bg} and geodesic curvature Kg, geodesic torsion T, where 


u,v; € p fori #j, then the Sabban apparatus of B can be constructed by the Sabban apparatus 
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of a such that 


z 
at b?kg(s)? -2>0 
an b?14(s)” — (bkg(s) +a)? > 0 


b?t4(s)” —a?>0 : (5) 


Proof We suppose that v;v; = at. Now, let 8 = G(s*) be spacelike at—Smarandache 
AdS curve of timelike AdS curve a = a(s). Then, @ is defined by 


i = == aa(s 8 
B(s*(s)) = Ja! (s) + bt(s)) (6) 


such that a? + b? = 2, a,b € R from the Definition 3.1. Differentiating both sides of (6) with 
respect to s, we get 


and by using (2), 


ta(s*(s)) =  (at(s) +0(—a(s) + ra(s)n(s))), 
where 
ds* bk g(s)” —2 
ds 2 (7) 


with condition b?«(s)? — 2 > 0. 


From now on, unless otherwise stated, we won’t use the parameters ”s” and ”s*” in the 
, ’ Dp 


following calculations for the sake of brevity). 


Hence, the tangent vector of spacelike at—Smarandache AdS curve @ is to be 


1 
ta= Ve (—ba + at + bkgn), (8) 


where o = b?K,? — 2. 


Differentiating both sides of (8) with respect to s, we have 


2 
ta’ = ue (A1a + ot + A3n + A4b) (9) 
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by using again (2) and (7), where 


A = b®Kgkg’ — ac 
Ag = —abPkgky’ +b(Ky?2 — 1) a (10) 
X30 = —2bk,’ + akgo 
40 = bKgTgo - 
Now, we can compute 
1 
ta’ - B= Tas? ((2A1 — aa”) a + (2A2 — bo*) t + 2A3n+2A45) (11) 
and ‘ 
llta’ — Gl| = = —o4 +2 (ar, + bAg) 0? +2 (—AL? — Ao? + Ag? + Ad”). (12) 
From the equations (11) and (12), the principal normal vector of @ is 
1 
ne = —= ((2A1 — ao”) a + (2A2 — bo”) t + 2A3N + 2A4b (13) 
and the geodesic curvature of @ is 
ae Ae 
ae “ (14) 
where 
p= —0* +2(ad1 + bra) 0? +2 (—A1? — Ag? + Az? + Ag”). (15) 


Also, from the equations (6), (8) and (13), the binormal vector of G as pseudo vector 
product of 3,tg and ng is given by 


1 
bg = ven ((—b?KgA4) & + (abkigAg) t+ 2Agn + (=D? Kg A1 + abkigAz — 2A3) B) . (16) 


Finally, differentiating both sides of (9) with respect to s, we get 


t Fr —2 (2A10" <— (Ar! = 2)o) a+ (2A20" = (Ai + do! + KgA3)o) t (17) 
Bo TTF 

a7 \ 4 (230! — (gd + Aa’ — TeAa)o) 2+ (2Aa0" — (Tada +a’ )o) B 
by using again (2) and (7). Hence, from the equations (6), (8), (9), (14) and (17), the geodesic 
torsion of @ is 


= 2 Kg (bi _ ar2)(bTgA3 +aX4 + bX’) = big (DAY = ano!) X4 


(18) 
OH \ 427, (A37 + Ag?) + abkg?A3A4 — 2(A3’ Aa — AZAd’) 


under the condition a? + b? = 2. Thus, we obtain the Sabban aparatus of @ for the choice 
viv; = at. 


It can be easily seen that the other types of vjv;—Smarandache curves 3 of a by using 
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same method as the above. The proof is complete. 


Corollary 3.3 Let a = a(s) be a timelike AdS curve and B = B(s*) be spacelike vi;v;— Smarandache 


AdS curve of a, then the following table holds for the special cases of a under the conditions 


(4) and (5): 


[ae [ ti [ot | 


Definition 3.4 Let a = a(s) be a timelike AdS curve with Sabban frame y = {a,t,n, b} and 
geodesic curvature Kg and geodesic torsion Tg. Then the spacelike vjvjv~—Smarandache AdS 


Curve B => B(s*) of a 1s defined by 
3 x = ae Qu;(sS) + bv;(S) + CcUR(S 
(s (s)) Ja! i ( ) b 5 ( ) i ( )); (19) 


where v;,0;,Uk © p fori#j Ak anda,b,c € R such that 


Lb? —c? =3 
| 2-2 =3 7 (20) 


Theorem 3.5 Let a = a(s) be a timelike AdS curve with Sabban frame y = {a,t,n,b} and 
geodesic curvature kK, and geodesic torsion T,. If 3 = B(s*) is spacelike v;vjv~,—Smarandache 
AdS curve with Sabban frame {G,tg,ng,bg} and geodesic curvature kg, geodesic torsion Ty 


where v;,0;,Uk € y fori Aj Ak, then the Sabban apparatus of B can be constructed by the 
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Sabban apparatus of a such that 


t 


9(8) — 2ackg(s) + c2(r,(s)? —1) -—3>0 


(bkg(s) — crg(s))” — (c2 +3) > 0 (21) 
b? + c*) t5(s)? — (a+ bkg(s))” >0 
(ateg(s) — e7g(s))” +B? (74(s)” — g(s)”) — a? > 0 


(P— 2) 
( 


Proof We suppose that v;vj;v~, = atb. Now, let @ = A(s*) be spacelike atb—Smarandache 
AdS curve of timelike AdS curve a = a(s). Then, @ is defined by 


i DL Gots s) + cb(s 
A(s US (s) + bt(s) + cb(s)) (22) 


such that a? +b? —c? = 3, a,b,c € R from the Definition 3.4. Differentiating both sides of (22) 


with respect to s, we get 


ae = d@ ds* = 1 , , , 
B'(s"(s)) = FE = T (aa'(s) + be (s) + (8) 
and by using (2), 
tals*(3)) Fo = Te (at(s) +b (—ea(s) + (s)m(s)) + e(—rals)(8)) 


where 
ds* (bg(s) — c79(s))” — (2 +3) 


i rr ad (23) 


with the condition (bk,(s) — cT, (s))? — (c? +3) >0. 


From now on, unless otherwise stated, we won’t use the parameters “s” and “s*” in the 
’ 3 Pp 


following calculations for the sake of brevity). 


Hence, the tangent vector of spacelike atb—Smarandache AdS curve £ is to be 


(—ba + at + (bK&g — cT,) n), (24) 
where o = (bk, — CTq)* — (c? +3). 
Differentiating both sides of (24) with respect to s, we have 


3 
tg’ = _ (Ara + At + Agn + 4b) (25) 
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by using again (2) and (23), where 


A = b (bkg — cTg) (bKg’ — CT’) — ao 
A2 = —a(bkg — CTg) (big! — CT’) + (b(—1 + Kg”) — Chg Tg) o (26) 
430 — (34.7) (bkg! — ct’) + akgo 
Mo Tq (bkg — CTg) 0 
Now, we can compute 
1 
tg’ - B= ae ((3A1 — ao”) a + (32 — bo?) t+ 3Agn + (3A4 — co”) b) (27) 
and : 
lta’ — Bll = 7 2 (ad + bAg — cAg) 02 +3 (—A1? — Ag? +AZ7 4X47). (28) 
From the equations (27) and (28), the principal normal vector of @ is 
1 
ng = aa ((3A1 - ao”) a+ (32 - bo*) t+ 3A3n + (3X4 - co”) b) (29) 
and the geodesic curvature of @ is 
~ _ ve 
Kg = er (30) 
where 
p= —o4 +. 2(ady + dAg — CAg) 0? +3 (—AL? — Ag? + Az? + Ad?) . (31) 


Also, from the equations (22), (24) and (29), the binormal vector of G as pseudo vector 
product of G,tg and ng is given by 


(c(bkg — CTg)A2 — (ac)A3 — b(bKg — cTg)A4) @ 
B= oo (c(bkg — cTg)A1 + (bc)A3 — a(bKg — CTg)A4) t 
Jou — ((ac) )A1 + (be)A2 — (c? +3)A\a) n 
— ((bktg — cTg)(bA1 — aAz) + (c? + 3)As) b 


Finally, differentiating both sides of (25) with respect to s, we get 


belt = 3 | (RAte" = Qa! = Aa)o) + (2d20! = (a + 2! + HgAs)o) t (33) 
6 Gil? + (2A30" — (KgA2 + A3/ — TgAa)o) 2 + (2Ag0’ — (TgA3 + Aa’)o) B 


by using again (2) and (23). Hence, from the equations (22), (24), (25), (30) and (33), the 
geodesic torsion of ( is 


c(ad3 — Xo (bkg — CTg)) (A2 — At’) — c(bA3 +1 (bk, — CTg)) et + KgA3 + 2") 
3 
Tg = ail +4 (big — CT) (b (Az — Ai’) +a (A4 + KgA3 + d2')) + c(aA1 + bA2z) (KgX2 = Tra + 3’) 


— (3 +7) Ag (KgA2 — Tea + AB’) + ((3 +07) Az + (DAL — @A2) (big — CTg)) (TeAB + Aa’) 
(34) 
under the condition a? + b? — c? = 3. Thus, we obtain the Sabban aparatus of 3 for the choice 
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UjzVjVE = at. 


It can be easily seen that the other types of v;vj;v~,—Smarandache curves 3 of a by using 


same method as the above. The proof is complete. 


Corollary 3.6 Let a = a(s) be a timelike AdS curve and B = B(s*) be spacelike viv; v4, —Smarandache 
AdS curve of a, then the following table holds for the special cases of a under the conditions 
(20) and (21): 


Definition 3.7 Let a = a(s) be a timelike AdS curve with Sabban frame {a,t,n,b} and 
geodesic curvature Kg and geodesic torsion Tg. Then the spacelike atnb—Smarandache AdS 


curve (3 = 3(s*) of a is defined by 


B(s*(s)) = Sq lavals) EO Oe Or (35) 
where ao, bo,Co,do € R such that 


ag” + b2 — cg? — do? = 4. (36) 


Theorem 3.8 Let a = a(s) be a timelike AdS curve with Sabban frame {a,t,n,b} and 
geodesic curvature Kg and geodesic torsion T,. If B = G(s*) is spacelike atnb—Smarandache 
AdS curve with Sabban frame {B,tg,ng,bg} and geodesic curvature Kg, geodesic torsion Tg, 
then the Sabban apparatus of B can be constructed by the Sabban apparatus of a under the 
condition 

(bokg(s) — dotg(s))” — (ao + Cotig(s))” + co?T4(s)” — bo” > 0. (37) 


Proof Let 8 = §(s*) be spacelike atnb—Smarandache AdS curve of timelike AdS curve 
a =a(s). Then, @ is defined by 


s zr pit s) +ceon(s 8 
B(s is) = ql oa(s) + bot(s) + con(s) + dob(s)) (38) 


such that ao? + bo? — co? — do” = 4, ao, bo, co, do € R from the Definition 3.7. Differentiating 


Spacelike Smarandache Curves of Timelike Curves in Anti de Sitter 3-Space 11 


both sides of (38) with respect to s, we get 


_ dBds* 1 


BY s*(3)) = FE Fe = FG (aoo"(s) + but!(s) + con! + dyb'(s)) 


and by using (2), 


ds 4 


with the condition (bok,g(s) — dotg(s))” — (ago + Cokg(s))? + c02T_(s)* — bo? > 0. 


(From now on, unless otherwise stated, we won’t use the parameters “s” and “s*” in the 
following calculations for the sake of brevity). 


Hence, the tangent vector of spacelike atnb—Smarandache AdS curve @ is to be 


1 


(—boa@ + (ao + Cokg) t + (borg — doTg) m + coT,b) , (40) 


where o = (bokg — dot)” — (ao + Cokg)” + C0279? — bo”. 
Differentiating both sides of (40) with respect to s, we have 
) 2 
tg = a (A1a@ + Agt + A3n + \4b) (41) 


by using again (2) and (39) where 


4 = —bo (aoco + Ckq — bo (bok, — doTg)) Kg + bo (cOTs — do (bok, — doTg)) T,' — (ao + Cokg) o 
Sh Be (—b6 (co + aokg) + bodo (ao — CoKg) Ty + Co (co? + do”) 73) Kg’ 
+ (bodokg (ao + cok) — (c6 + dG) (a0 + CoKg) Ty) To’ + (bo (Kg — 1) — dokgTg) o 
0.4 — (a0Co (borg + doTg) + €6 (dokgT — bo (Tg — 1)) + bo (4+d5)) Kg’ 
+ (2aocodokg +4 (do (1 + i) ~ bokgTg) + do (4 + do)) Tq 4 (aokg L C9 (K¢ T3)) ror 
25 co (co (ao + Cok) — bo (boKg — doTg)) Tgkg/ + 


co (T, (bodokg _ (co + do) 5) + a) Tq + (bok, — doTg) To 
Now, we can compute 
1 
tg’ — B = 352 ((4A1 = ago”) a+ (4r2 poe boa”) t+ (43 am coo”) n+ (4A4 = dyo”) b) (43) 


and 


1 
lta’ — B\| = = —o4 +2 (apA1 + boAz — CoAs — doA4) 02 + 4 (—AL? — Ag” + Az? + Ag”). 
(44) 
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From the equations (43) and (44), the principal normal vector of 3 is 


1 
m8 = 3 ((4A1 — aoa?) @ + (4A2 — boo”) t + (4A3 — coo”) n+ (444 — doo?) b) (45) 
and the geodesic curvature of @ is 
~ _ vi 
Kg = Pk. (46) 
where 
b= =o +2 (aoA1 + borA2 — CoA3 — do A) o +4 (-A1? = aoe + hee + 4?) (47) 


Also, from the equations (38),(40) and (45), the binormal vector of 8 as pseudo vector 
product of B,tg and ng is given by 


1 
bg = Ee ((—Dp tig A4 + co(—dokgA3 + aoa) = Cal Tr2 = Kg) _ do(doTgA2 + aoA3) 


+bo(coTgA3 + do(KgA2 + TyA4)) )@ + (bo(—do(KgA1 + Az) + (Co + Aokg)A4) 

+(c3A1 — aocoA3 + do(doA1 — aoA4))T,)t + (a2A4 — bo(doAz — boAa) 

—coA1(dokg — boTg) — ao(doA1 + Co(TyA2 — KgA4)))2 + (Cok gAL — AAs 

—b6(KgA1 + Az) + bo(CoAz + doTgA1) + ao(co(A1 — KgA3) + (bog — doTg)Azt))b) (48) 


Finally, differentiating both sides of (41) with respect to s, we get 


ii Red (2A10" _ i’ ar d2) a) a+ (2A20" _ (Ai + do! + KgA3)0) t (49) 
. Gn NT (2A30’ — (KgA2 + Ag’ — TgAa)o) n+ (2Ago" — (TgA3 + Aa’)o) b 


by using again (2) and (49). Hence, from the equations (38), (40), (41), (46) and (49), the 
geodesic torsion of 3 is 


= ~ ((bokgAa + (ao + Cokg)(doA3 — CcoAa) + (C6 + dG) Ty A2 

—bo(coTgA3 + do(KgA2 + TyA4)))(A2 — 4) 
+(bo(—do(KgA1 + Az) + (Co + Gokg)Aa) + (C2A1 — GocoAs 
+dotg(doA1 — aoA4)))(A1 + Kg A3 + Ab) + (do((@o + Cog) AL 
+boA2) — (ao(ao + Cokg) + b3)A4 — CoTg(boA1 — oA2)) (Kg Az — A4Ty + X3) 
(—cokgA1 + aiA3 + b3(KgA1 + A3) — bo(CorA2 + doA1 Tg) + @o(Co(—A1 + Kg As) 
+A2(—bokg + doTg)))(AsT, + A4)) (50) 


under the condition (36). The proof is complete. 


Corollary 3.9 Let a = a(s) be a timelike AdS curve and 3 = B(s*) be spacelike atnb—Smarandache 
AdS curve of a, then the following table holds for the special cases of a under the conditions 
(36) and (87): 
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a a is planar curve | @ is horocycle | a is helix 


Consequently, we can give the following corollaries by Corollary 3.3, Corollary 3.6, Corol- 
lary 3.9. 


Corollary 3.10 Let a be a timelike horocycle in H?. Then, there exist no spacelike Smaran- 
dache AdS curve of a in H}. 


Corollary 3.11 Let a be a timelike AdS curve and B be any spacelike Smarandache AdS curve 
of a. Then, a is helix if and only if B is helia. 


§4. Examples and AdS Stereographic Projection 


Let R? denote Minkowski 3-space (three-dimensional semi Euclidean space with index one), 


that is, the real vector space R* endowed with the scalar product 
(@,Y), = -Z1 Yi + F292 + T3 Ys 
for all & = (77, 72,73), Y = (Yi, Y2, 93) € R®. The set 
Si = {ze R}|(z, Zz), =1} 


is called de Sitter plane (unit pseudosphere with dimension 2 and index 1 in R3). Then, the 


stereographic projection ® from H}? to R? and its inverse is given by 


@?PA\P Ss RAS? Sa) = | 2. _ Se 
1\ = 1\ 1> (a) tea? Ta? Tay 


and 
= pes 14+ (Z,2) 277 272 273 
®-': Ri\S} > HAT, @-) (@) = ( — SS, — _, ——_ , — 
Leon (2) 1—(#,%),’1—(#,@),’1—(#,@),’1- (2,2), 
according to set T = {a € H3 | 2, = —1}, respectively. It is easily seen that ® is conformal 
map. 


Hence, the stereographic projection © of H} is called Ad stereographic projection. Now, 


we can give the following important proposition about projection regions of any AdS curve. 


Proposition 4.1 Let ® be AdS stereographic projection. Then the following statements are 
satisfied for all x € H?: 


(a) «1; > -14 (®(a),8(x)), <1; 


x 


(b) v1 <1 (®(x),®(a)), >1. 


* 
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Now, we give an example for timelike AdS curve as helix and some spacelike Smarandache 


AdsS curves of the base curve. Besides, we draw pictures of these curves by using Mathematica. 


Example 4.2 Let AdS curve a be 
a(s) = ( v2cosn( v3, 21/4 cosh(V5s) + 1+ V2sinh(V5s), 
V2sinh(V2s), \/ 1+ V2cosh(V5s) + 21/4 sinh vs) : 


Then the tangent vector of a is given by 


t(s) = (2 sinh(V2s), \/5 (1 + v2) cosh V5s + 21/45 sinh(V5s), 
2 cosh(vV2s), 24/45 cosh(V5s) + 4/5 (1 + v2) sont 50) , 


(t(s), €(s)) = —1, 


q@ is timelike AdS curve. By direct calculations, we get easily the following rest of Sabban 


and since 


frame’s elements of a: 


ns) = [cosiv 23/4 cosh(W5s) + 4/2 (1 + v2) sinh(V5s), 


sinh(V2s), 4/2 (1+ V2) cosh(V5s) + 2°/4 a) 
b(s) = (vs sinh(V2s), 2\/ 1 + V2 cosh(V5s) + 2°/4 sinh(V5s), 
V5 cosh(V2s), 25/4 cosh(W5s) + 2\/1 + VBsinn(V5s)) 5 
and the geodesic curvatures of a are obtained by 
Kg = 3V2, Ty = —v'10. 


Thus, @ is a helix in Hf. Now, we can define some spacelike Smarandache AdS curves of @ as 


the following: 


Q 
3 
a 
ee 
wD 
oS 
a 
| 
si 
— 
w 
Q 
s 
| 
= 
vA) 
— 
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and theirs geodesic curvatures are obtained by 


ankg = 1.9647, ant = —0.0619 
anbkg = 1.9773, anbTy = —0.0126 
atnbkg = 2.0067, atnbT = —0.0044 


in numeric form, respectively. Hence, the above spacelike Smarandache AdS curves of @ are 
also helix in H3, seeing Figure 1. 


curve « an-Smarandache curve 8 


(0) 


atnb-Smarandache curve 


anb-Smarandache curve 


Figure 1 
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where, (a) is the timelike AdS helix a, (b) the spacelike an-Smarandache AdS helix of a, (c) 
the spacelike anb-Smarandache AdS helix of a@ and (d) the spacelike atnb-Smarandache AdS 
helix of a. 
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Abstract: In this paper we have studied conformal curvature tensor, Ricci curvature tensor, 
projective curvature tensor in almost C(A) manifold admitting conformal Ricci soliton. We 
have studied conformally semi symmetric almost C(A) manifold admitting conformal Ricci 
soliton. We have found that a Ricci conharmonically symmetric almost C(A) manifold 
admitting conformal Ricci soliton is Einstein manifold. Similarly we have proved that a 
conformally symmetric almost C(A) manifold M with respect to projective curvature tensor 
admitting conformal Ricci soliton is 7-Einstein manifold. We have studied Ricci projectively 


symmetric almost C(A) manifold also. 
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§1. Introduction 


The concept of Ricci flow was first introduced by R. S. Hamilton [5] in 1982. This concept 
was developed to answer Thurston’s geometric conjecture which says that each closed three 
manifold admits a geometric decomposition. Hamilton also [6]classified all compact manifolds 


with positive curvature operator in dimension four. The Ricci flow equation is given by 


o3s 


5 =~ 28 (1.1) 


on a compact Riemannian manifold M with Riemannian metric g. 

A self-similar solution to the Ricci flow [6], [10] is called a Ricci soliton [5] if it moves only 
by a one parameter family of diffeomorphism and scaling. The Ricci soliton equation is given 
by 

L£xg+2S = 2X9, (1.2) 


where £x is the Lie derivative, S is Ricci tensor, g is Riemannian metric, X is a vector field 
and 4 is a scalar. The Ricci soliton is said to be shrinking, steady, and expanding according as 
A is positive, zero and negative respectively. 

In 2004, A.E. Fischer [4] introduced the concept of conformal Ricci flow which is a variation 


The first author is supported by DST ’Inspire’ of India, No. IF140748. 
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of the classical Ricci flow equation. In classical Ricci flow equation the unit volume constraint 
plays an important role but in conformal Ricci flow equation scalar curvature r is considered 
as constraint. As the conformal geometry plays an important role to constrain the scalar 
curvature and the equations are the vector field sum of a conformal flow equation and a Ricci 
flow equation, the resulting equations are named as the conformal Ricci flow equations. The 
conformal Ricci flow equation on M is defined by the equation [4], 


Og g 

pre Aawiags) =)=— 1, 

DE +2(5+ pg (1.3) 
and r = —1, where p is a scalar non-dynamical field(time dependent scalar field), r is the scalar 


curvature of the manifold and n is the dimension of manifold. 


The notion of conformal Ricci soliton was introduced by N. Basu and A. Bhattacharyya 
[1] in 2015 and the conformal Ricci soliton equation is given by 


£xg+2S = [20 — (p+ “Nig (1.4) 


The equation is the generalization of the Ricci soliton equation and it also satisfies the conformal 
Ricci flow equation. 

In 1981, the notion of almost C(A) manifold was first introduced by D. Janssen and L. 
Vanhecke [7]. After that Z. Olszak and R. Rosca [9] have also studied such manifolds. Our 
present paper is motivated by this work. 

In this paper we have studied conformal curvature tensor, conharmonic curvature tensor, 
Ricci curvature tensor, projective curvature tensor in almost C(A) manifold admitting conformal 
Ricci soliton. We have studied conformally semi symmetric almost C(A) manifold admitting 
conformal Ricci soliton. We have found that a Ricci conharmonically symmetric almost C'(,) 
manifold admitting conformal Ricci soliton is Einstein manifold. Similarly we have proved 
that a conformally symmetric almost C(A) manifold M with respect to projective curvature 
tensor admitting conformal Ricci soliton is 7-Einstein manifold. We have also studied Ricci 
projectively symmetric almost C(A) manifold. 


$2. Preliminaries 


Let M be a (2n + 1) dimensional connected almost contact metric manifold with an almost 
contact metric structure(¢, €,7,g) where ¢ is a (1,1) tensor field, € is a covariant vector field, 


7 is a 1-form and g is compatible Riemannian metric such that 


eX =-X+n(X)E,n(E) = 1, 6€ = 0, nod = 0, (2.1) 
9(PX, dY) = 9 X,Y) — (X)n(¥), (2.2) 


WX, §) = 0(X), (2.4) 
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(Vx@)¥ = G(X, Y)E— (VX, (2.5) 
Vxé = —$X, (2.6) 


for all X,Y € y(M). 
If an almost contact Riemannian manifold M/ satisfies the condition 


S=ag+bn®n, 


for some functions a,b € C°(M) and S is the Ricci tensor, then M is said to be an 7- Einstein 
manifold. 

An almost contact manifold is called an almost C(A) manifold if the Riemann curvature 
R satisfies the following relations [8] 


R(X, Y)Z = R(oX, Y)Z — A[Xg(Y, Z) — G(X, Z)Y — oXGQ(OY, Z) 


+9(oX, Z)9Y], (2.7) 


where X,Y,Z € TM and 4 is a real number. 
From (2.7) we have 


R(X, Y)E = R(OX, YE — A[Xn(Y) — ¥n(X)], 


(2.8) 
R(E,X)Y = Aln(V)X — g( X,Y) é]. 
Now from definition of Lie derivative we have 
(£Leg)(X,Y) = (Veg) (X,Y) + g(-0X,Y) + 9(X,-4Y) = 0 (2.9) 
(. g(X, dY) = —g(OX,Y)). 
Now applying (2.9) in conformal Ricci soliton equation (1.4) we get 
S(X,Y) = Ag X,Y), (2.10) 
where A = $[20 — (p+ 2)]. Hence the manifold becomes an Einstein manifold. 
Also we have, 
Ox = Ax. (2.11) 
If we put Y = € in (2.10) we get 
S(X,£) = An(X). (2.12) 


Again if we put X = € in (2.12) we get 


alee (2.13) 
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Using these results we shall prove some important results of almost C(A) manifold in the 


following sections. 


§3. Almost C(A) Manifold Admitting Conformal Ricci Soliton and R(£,X).C = 0 


Let M be a (2n + 1) dimensional almost C(A) manifold admitting conformal Ricci soliton 
(g, V,a). Conformal curvature tensor C' on M is defined by 


C(X,Y)Z = R(X,Y)Z — 5 | Is(v,Z)X — S(X, ZY + 9(¥, ZQX — 9(X, Z)QY] 


n—1 
r 
——_-||9 (Y, Z)X — g(X, Z)Y 3.1 
+E lol 2)X - aX, 2) (3.1) 
where r is scalar curvature. 
Since the manifold satisfies conformal Ricci soliton so we have r = —1 ((4]). 


After putting r = —1 and Z = € in (3.1) we have 


C(X,Y)E = R(X Y)E - = —IS(WO)X = S(X, OY + VOX — 9X, HOY] 


1 


“nna ye meee: (3.2) 


Using (2.4), (2.8), (2.11), (2.12) in (3.2) we get 


O(X,Y)E = R(X, $Y )E — AXM(V) — ¥n(X)] — =A) X — nl XY 


+n(Y)AX — n(X)AY] — 
After a brief simplification we get 
C(X,Y)E = R(X, OY )E — BV(Y)X — (X)Y), (3.3) 


where B= \4+ 24 4+ and 


1 
2n—1 2n(2n—1)? 


M(C(X,Y)Z) = n( R(X, OY )Z) + Bin(V)g(X, Z) — 0(X) 9%, 2)]- (3.4) 


Now we assume that R(€,X).C = 0 holds in M i.e. the manifold is locally isometric to 
the hyperbolic space H"*1(—a?) ({11]), which implies 


R(E, X)(C(Y, Z)W) — C(R(E, X)Y, Z)W — C(Y, R(E, X)Z)W 


—C(Y, Z)R(E, X)W =0, (3.5) 


for all vector fields X,Y,Z,W on M. 
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Using (2.8) in (3.5) and putting W = € we get 


MC(Y, Z)E)X — G(X, CY, ZEVE — n(VIO(X, Z)E + G(X, YIC(E, Z)E — M(Z)C(Y, XE 
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+X, Z)C(Y, OE — n{Q)C(Y, 2)X + g(X, OC, Z)E = 0. (3.6) 
Using (2.1), (3.3), (3.4) in (3.6) we have 
M(R(PY, 6Z)§))X — g(X, R(OY, OZ)E — BIYn(Z) — Zn(V JE — nV )C(X, Z)§ 
+H(X,Y)C(E, Z)E— MZ)CY, XE + G(X, Z)C(Y, EE — CY, Z) X 
+(X)C(Y, Z)E = 0. (3.7) 
Operating with 7 and putting Z = € in (3.7) we get 
Bg(X,Y) — Bu(X)n(V) — n(C(¥, 8) X) — n( RY, oX)E) = 0. (3.8) 
Now, 
OW, OX = RIV.OX — -~TISE, XY — SW, XIE + 9f€, XQY — 91 ¥, XK 
— Fae XY — al, X04. (3.9) 
Using (2.1), (2.8), (2.12) in (3.9) and operating with 7 we get 
n(CW)X) = + pA + po aK) — Ot 
+ Saye) + — 7 5(X,¥). (3.10) 
Putting (3.10) in (3.8) we obtain 
AX, Y) + m( ROX, YE) - KY) = 0. (3.11) 
In view of (2.8) we get from (3.11) 
SKY) + (RX, Y}6) — =~ S(XY) = 0, 
which can be written as 
Di 19) In — [5(%Y) = —g (R(X, YE, €). (3.12) 


Then we have 
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since g(R(X,Y)€,€) =0, where A = $[20 — (p+ 2)]. 
Theorem 3.1 If an almost C(\) manifold admitting conformal Ricci soliton is conformally semi 


symmetric i.e. R(E,X).C = 0, then the manifold is Einstein manifold where C is Conformal 


curvature tensor and R(€, X) is derivation of tensor algebra of the tangent space of the manifold. 


§4. Almost C(\) Manifold Admitting Conformal Ricci Soliton and K(é,X).S =0 


Let M be a (2n + 1) dimensional almost C(A) manifold admitting conformal Ricci soliton 
(g, V,a). The conharmonic curvature tensor K on M is defined by [3] 


K(X,Y)Z = R(X,Y)Z— 5 1 isc, Z)X — 8(X,Z)Y 


n—-1 
+9(Y, Z)QX — g(X, Z)QY], (4.1) 


for all X,Y, Z € y(M), R is the curvature tensor and Q is the Ricci operator. 


Also the equation (4.1) can be written in the form 


K(E,X)¥ = RE, X)¥ — [S(XV)E— S(E,Y)X + G(X, Y)QE 


2n-—1 
—9(§, Y)QX]. (4.2) 
Using (2.8), (2.11), (2.12) in (4.2) we have 


K(E,X)¥ = Aln(Y)X — g(X,¥)€] — [S(X, VE — An(Y)X — (VY )AX 


2n—1 
+g(X, Y)A€]. (4.3) 


Similarly from (4.2) we get 


K(E,X)4 = Aln(Z)X — g(X, Zé] — 


Ty tS Hs ZVE - An(Z)X — 0(Z)AX 


+9(X, Z) Ag]. (4.4) 


Now we assume that the tensor derivative of S by K(€,X) is zero ie. K(€,X).S = 0 (the 
manifold is locally isometric to the hyperbolic space H"*+1(—a?) ({11]). It follows that 


S(K(€,X)Y,Z) + S(Y, K(€,X)Z) =0, (4.5) 


which implies 


S(n(V)X = dg X,YE = = —S(X, YE + =a nl) X 


es pn)x, Z) + S(Y,An(Z)X — AG(X, ZE 


HX Y)E + — 


2n—1 
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1 
vas Z)X) =0. 4.6 
al meat Ont seme cae 6) 


Putting Z = € in (4.6), using (2.1), (2.4), (2.12), (2.13) and after a long calculation we 
obtain 


S(X,Z)E+ g(X, ZE+ 


S(X,Y) = Ag(X,Y), 


where A = $[20 — (p+ 2)]. 


Theorem 4.1 Jf an almost C(X) manifold admitting conformal Ricci soliton and the manifold 
is Ricci conharmonically symmetric t.e. K(€,X).S = 0, then the manifold is Einstein manifold 


where K is conharmonic curvature tensor and S' is a Ricci tensor. 


§5. Almost C(A) Manifold Admitting Conformal Ricci Soliton and P(g, X).C =0 


Let M be a (2n + 1) dimensional almost C(A) manifold admitting conformal Ricci soliton 
(g, V,c). The Weyl projective curvature tensor P on M is given by [2] 


P(X,Y)Z = R(X,Y)Z— = [5(Y, Z)X — S(X,Z)Y]. (5.1) 
(5.1) can be written as 
PE XY = RE XY - SIS(XYIE- SEY) XI, 
Using (2.8), (2.12) in the above equation we get 
PE XOY = Ain) X — XV) — 518K YE ~ An(V)AI, (5.2) 


Now we consider that the tensor derivative of C by P(€,X) is zero ie. P(€,X).C = 0 
holds in M (the manifold is locally isometric to the hyperbolic space H"+!(—a?) [11]). So 


P(E, X)C(Y, Z)W — C(P(E, X)Y, Z)W — C(Y, P(E, X)Z)W 


—C(Y, Z)P(é, X)W =0 (5.3) 


for all vector fields X,Y,Z,W on M. 
Using (5.2) in (5.3) and putting W = € we get 


MCW, ZX — d9(X,C(W, ZVE ~ 5=S(X, OW, ZINE + Lull, ZOX 


— Mn VYC(X, 2) — Hn VYC(X, Z)E — nl Z)OW, XE - Ln BOW, XE 


— MCW, Z)X + 9X, OCW, EF 5 S(X, HOW, ZE- LnlQCW,Z)X = 0. (6.4) 


Operating with 7, using (2.4), (2.12), (3.3) and putting Z = € we get after a lengthy calcu- 
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lation that 


(AB (A+ D)Q4 pao + KY) 
Jeet. =e -s a at oe 1p) — AB nxn) 
A 1 B 


= (A+ A) ona? < 33%): 


which clearly shows that the manifold is 7-Einstein. 


Theorem 5.1 If an almost C(A) manifold admitting conformal Ricci soliton and P(€,X).C = 0 
holds i.e. the manifold is conformally symmetric with respect to projective curvature tensor, 
then the manifold becomes n-Einstein manifold, where P is projective curvature tensor and C 


is conformal curvature tensor. 


§6. Almost C(\) Manifold Admitting Conformal Ricci Soliton and R(f,X).P =0 


Let M be a (2n + 1) dimensional almost C(A) manifold admitting conformal Ricci soliton 
(g, V,c). We assume that the manifold is projectively semi-symmetric i.e. R(€,X).P = 0 holds 
in M, which implies 


—P(Y,Z)R(é, X)W =0 (6.1) 
for all vector fields X,Y,Z,W on M. 
Using (2.8) in (6.1) and putting W = € we get 
Mi(RUY, Z)E — 5-S(Z,OY + 5-8, OZ)X — dg X, RV, Z)E- 5-S(Z, OY 


+5, Q)Z)E — AN(V)P(X, Z)E + AG(X,Y) P(E, Z)E — An(Z) PY, XE 


+g(X, Z)P(Y, QE — AP(Y, Z)X + An X)P(Y, Z)E = 0. 


Using (2.4), (2.8), (2.12) and operating with 7 in the above equation we get 


—Nnl¥ aX, 2) + nl Z)a(X,Y) ~ Fn aX, 2) 
+279(X, Y)n(Z) — An(P(Y, Z)X) = 0. (6.2) 


Putting Z = € in (6.2) we get 


S(X,Y) = Ag(X,Y), 
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which implies that the manifold is an Einstein manifold. 


Theorem 6.1 Jf an almost C(A) manifold admitting conformal Ricci soliton and R(€,X).P = 
0 holds i.e. the manifold is projectively semi-symmetric, then the manifold is an Einstein 
manifold, where P is projective curvature tensor and R(€,X) is derivation of tensor algebra of 


the tangent space of the manifold. 


§7. Almost C(\) Manifold Admitting Conformal Ricci Soliton and P(é,X).5 =0 


Let M be a (2n + 1) dimensional almost C(A) manifold admitting conformal Ricci soliton 
(g, V,c). Now the equation (5.1) can be written as 


PEX)Y = REEXYY - S1S(XY)E- SEYIX (7.1) 
and ; 
P(E, X)Z = RE, X)Z— 5 (S(X, Z)E — SE, Z)X]. (7.2) 


Now we assume that the manifold is Ricci projectively symmetric i.e. P(€, X).S = 0 holds 
in M, which gives 
S(P(E,X)Y, Z) + S(Y, P(E, X)Z) = 0. (7.3) 


Using (2.10), (2.12), (7.1), (7.2) in (7.3) we have 


Ag(R(E, X)Y — = 5(X, Y)E+ Ay)x, Z) + Ag(Y, R(E, X)Z 


5 8(X, Z\E+ £ (Z)X) =; (7.4) 


Using (2.4), (2.8) in (7.4) and putting Z = € we get 
S(X,Y) = Ag(X,Y), 
which proves that the manifold is an Einstein manifold. 


Theorem 7.1 If an almost C(A) manifold admitting conformal Ricci soliton and P(€,X).S = 
0 holds i.e. the manifold is Ricct projectively symmetric, then the manifold is an Einstein 


manifold, where P is projective curvature tensor and S' is the Ricci tensor. 
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Abstract: The universality of contradiction and connection of things in nature implies 
that a thing is nothing else but a labeled topological graph G” with a labeling map L : 
V(G)U E(G) — @ in space, which concludes also that labeled graph should be an element 
for understanding things in the world. This fact proposes 2 directions on labeled graphs: (1) 
verify a graph family Y whether or not they can be labeled by a labeling L constraint on 
special conditions, and (2) establish mathematical systems such as those of groups, rings, 
linear spaces or Banach spaces over graph G, i.e., view labeled graphs G” as elements of that 
system. However, all results on labeled graphs are nearly concentrated on the first in past 
decades, which is in fact searching structure G of the labeling set &. The main purpose of this 
survey is to show the role of labeled graphs in extending mathematical systems over graphs G, 
particularly graphical tensors and G-flows with conservation laws and applications to physics 
and other sciences such as those of labeled graphs with sets or Euclidean spaces R” labeling, 
labeled graph solutions of non-solvable systems of differential equations with global stability 
and extended Banach or Hilbert G-flow spaces. All of these makes it clear that holding 
on the reality of things by classical mathematics is partial or local, only on the coherent 
behaviors of things for itself homogenous without contradictions, but the mathematics over 
graphs G is applicable for contradictory systems over G because contradiction is universal in 
the nature, which can turn a contradictory system to a compatible one, i.e., mathematical 


combinatorics. 


Key Words: Topological graph, labeling, group, linear space, Banach space, Smarandache 
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§1. Introduction 


Just as the philosophical question on human beings: where we come from, and where to go? 
There is also a question on our world: Is our world continuous or discrete? Different peoples 
with different world views will answer this question differently, particularly for researchers on 
continuous or discrete sciences, for instance, the fluid mechanics or elementary particles with 
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interactions. Actually, a natural thing T' is complex, ever hybrid with other things on the eyes 
of human beings sometimes. Thus, holding on the true face of thing T is difficult, maybe result 
in disputation for persons standing on different views or positions for T, which also implies that 
all contradictions are man made, not the nature of things. For this fact, a typical example was 
shown once by the famous fable “the blind men with an elephant”. In this fable, there are six 
blind men were asked to determine what an elephant looked like by feeling different parts of the 
elephant’s body. The man touched the elephant’s leg, tail, trunk, ear, belly or tusk respectively 
claims it’s like a pillar, a rope, a tree branch, a hand fan, a wall or a solid pipe, such as those 
shown in Fig.1 following. Each of them insisted on his own and not accepted others. They then 
entered into an endless argument. 


Fig.1 


All of you are right! A wise man explains to them: why are you telling it differently is 
because each one of you touched the different part of the elephant. So, actually the elephant has 


all those features what you all said. 


Thus, the best result on an elephant for these blind men is 


Anelephant = {4 pillars} Ut 1 rope} Lt 1 tree branch} 
U {2 hand fans} |_}{1 wall} |_J{1 solid pipe} 


A thing T is usually identified with known characters on it at one time, and this process 
is advanced gradually by ours. For example, let 141, W2,--+ , fn be the known and 1;,i1 > 1 the 
unknown characters at time t. Then, the thing T is understood by 


r= (Ute JU (Ue (11) 


k>1 


n 
in logic and with an approximation T° = (J {j;} at time t. Particularly, how can the wise man 


tell these blind men the visual image of an elephant in fable of the blind men with an elephant? 
If the wise man is a discrete mathematician, he would tell the blind men that an elephant looks 
like nothing else but a labeled tree shown in Fig.2. 
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E1 ly ls 


€2 Ip ly 
Fig.2 


where, {t,} =tusk, {e1,e2} =ears, {h} =head, {b} =belly, {t1, lo, 13,14} =legs and {t2} =tail. 
Hence, labeled graphs are elements for understanding things of the world in our daily life. What 
is the philosophical meaning of this fable for understanding things in the world? It lies in that 
the situation of human beings knowing things in the world is analogous to these blind men. We 
can only hold on things by canonical model (1.1), or the labeled tree in Fig.2. 


Baryon Meson 


Fig.3 


Notice that the elementary particle theory is indeed a discrete notion on matters in the 
nature. For example, a baryon is predominantly formed from three quarks, and a meson 
is mainly composed of a quark and an antiquark in the quark models of Sakata, or Gell- 
Mann and Ne’eman ([27], [82]) such as those shown in Fig.3, which are nothing else but both 
multiverses ([3]), or graphs labeled by quark g; € {u,d,c,s,t,b} for ¢ = 1,2,3 and antiquark 
qe {u, d,@,5, t, b}, where a(q, q’) denotes the strength between quarks q and q’. 

Certainly, a natural thing can not exist out of the live space, the universe. Thus, the 
labeled graphs in Fig.2 and 3 are actually embedded in the Euclidean space R?, i.e. a labeled 
topological graph. Generally, a topological graph y(G) in a space .Y is an embedding of 
p: Ga o(G) Cc Y with y(p) 4 v(q) if p 4 q for Vp,q € G, i-e., edges of G only intersect at 
vertices in .%. There is a well-known result on embedding of graphs without loops and multiple 
edges in R” for n > 3 ({10]), ie., there always exists an embedding of G that all edges are 
straight segments in R”. 

Mathematically, a labeling on a graph G is a mapping L: V(G)UE(G) - # witha 
labeling set such as two labeled graphs on K4 with integers in {1,2,3,4} shown in Fig.4, 
and they have been concentrated more attentions of researchers, particularly, the dynamical 
survey paper [4] first published in 1998. Usually, Y is chosen to be a segment of integers Z and a 
labeling L: V(G) — & with constraints on edges in E(G). Only on the journal: International 
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Journal of Mathematical Combinatorics in the past 9 years, we searched many papers on labeled 
graphs. For examples, the graceful, harmonic, Smarandache edge m-mean labeling ([29]) and 


quotient cordial labeling ([28]) are respectively with edge labeling |L(u) — L(v)|, |L(u) + L(v)|, 


Aes) igh ee: a 3 Ee Soeordine tt GM SFO oer ONS Fant 


Yuu € E(G), and a Smarandache-Fibonacci or Lucas graceful labeling is such a labeling L : 
V(G) > {S(0), S(1), S(2),---,S(q)} that the induced edge labeling is {S(1), $(2),--- , S(q)} 
by L(uv) = |L(u) — L(v)| for Vuw € E(G) for a Smarandache-Fibonacci or Lucas sequence 


{S(i), «2 1} ([23)). 


Fig.4 


Similarly, an n-signed labeling is a n-tuple of {—1,+1}” or {0,1}-vector labeling on edges 
of graph G with |e;(0) — ef(1)| < 1, where e/(0) and e;(1) respectively denote the number of 
edges labeled with even integer or odd integer([26]), and a graceful set labeling is a labeling 
L: V(G) — 2* on vertices of G by subsets of a finite set X with induced edge labeling 
L(uv) = L(u) @ L(v) for Vuv € E(G), where “ @ ” denotes the binary operation of taking the 
symmetric difference of the sets in 2* ([30]). As a result, the combinatorial structures on # 
were partially characterized. 


However, for understanding things in the world we should ask ourself: what are labels 
on a labeled graph, is it just different symbols? And are such labeled graphs a mechanism 
for understanding the reality of things, or only a labeling game? Clearly, labeled graphs G 
considered by researchers are graphs mainly with number labeling, vector symbolic labeling 
without operation, or finite set labeling, and with an additional assumption that each vertex of 
G is mapped exactly into one point of space Y in topology. However, labels all are space objects 
in Fig.2 and 3. If we put off this assumption, i.e., labeling a topological graph by geometrical 
spaces, or elements with operations in a linear space, what will happens? Are these resultants 
important for understanding things in the world? The answer is certainly YES because this step 
will enable one to pullback more characters of things, characterize more precisely and then hold 
on the reality of things in the world, i.e., combines continuous mathematics with the discrete, 


which is nothing else but the mathematical combinatorics. 


The main purpose of this report is to survey the role of labeled graphs in extending math- 
ematical systems over graphs G, particularly graphical tensors and G-flows with conservation 
laws and applications to mathematics, physics and other sciences such as those of labeled graphs 
with sets or Euclidean spaces R” labeling, labeled graph solutions of non-solvable systems of 
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differential equations with global stability, labeled graph with elements in a linear space, and 
extended Banach or Hilbert G-flow spaces, ---, etc. All of these makes it clear that holding 
on the reality of things by classical mathematics is partial, only on the coherent behaviors of 
things for itself homogenous without contradictions but the extended mathematics over graphs 
G can characterize contradictory systems, and accordingly can be applied to hold on the reality 
of things because contradiction is universal in the nature. 


For terminologies and notations not mentioned here, we follow references [5] for functional 
analysis, [9]-[11] for graphs and combinatorial geometry, [2] for differential equations, [27] for 
elementary particles, and [1],[10] for Smarandache multispaces or multisystems. 


§2. Graphs Labeled by Sets 


Notice that the understanding form (1.1) of things is in fact a Smarandache multisystem fol- 

lowing, which shows the importance of labeled graphs for things. 

Definition 2.1([1],[10]) Let (51;R1), (H2;Ra), +++, (Umi Rm) be m mathematical systems, 

different two by two. A Smarandache multisystem ¥ is a union U d; with rules R= U Ri: 
i=1 i=1 


on %, denoted by (5; R). 


Definition 2.2((9]-[11]) For an integer m > 1, let (©;R) be a Smarandache multi- system 
consisting of m mathematical systems (X1;R1), (2;Re), +++, (Um; Rm). An inherited combi- 
natorial structure G'|S;R] of (X;R) is a labeled topological graph defined following: 

V (G*E;R]) = {Z1,B2,--- Em}, 

E (G45: Rj) = {(Ei, EZ MZ; #0, 1<iX# 5 <m} with labeling 

L: OY; - L()) =; and L: (%4,5,;) £4, 45) = U1) d; 
for integers 1<ifg<m. 

For example, let ©; = {a,b,c}, Ne = {a,b,e}, U3 = {b,c,e}, M4 = {a,c,e} and R; = 0 

for integers 1 < i < 4. The multisystem (©;R) with © = U x; = {a,b,c,d,e} and & = 0 is 


i=l 
characterized by the labeled topological graph G"[S; R] shown in Fig.5. 


{a,b} 


M 
© 


{a,e} 
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2.1 Exact Labeling 


A multiset S = U S; is exact if S;= U (S; (| S;) for any integer 1 < i < m, ice., for any 
i=1 


j=l jFi 
vertex vu € V (ct (SR), Sy =  U  (Svf\Su) such as those shown in Fig.5. Clearly, a 
u€Not (v) 


multiset S uniquely determines a labeled graph G" by Definition 2.2, and conversely, if G” is 
a graph labeled by sets, we are easily get an exact multiset 


s= US with S= YJ (5. (Su). 


vEV(GL) ue Nox (v) 


This concludes the following result. 


Theorem 2.3({10]) A multiset S uniquely determine a labeled graph G"[S], and conversely, 


any graph G" labeled by sets uniquely determines an exact multiset S. 


All labeling sets on edges of graph in Fig.4 are 2-sets. Generally, we know 


S 
Theorem 2.4 For any graph G, if |S| > ky(G) > A(G)x(G) or I > y'(G), there is 
k 
a labeling L with k-subset labels of S on all vertices or edges on G, where e(G), A(G) x(G) 
and x/(G) are respectively the size, the maximum valence, the chromatic number and the edge 
chromatic number of G. 
Furthermore, if G is an s-regular graph, there exist integers k,l such that there is a labeling 


L on G with k-set, l-set labels on its vertices and edges, respectively. 
S 
Proof Clearly, if ISI > x'(G), we are easily find x’(G) different k-subsets C1, C2,--- , Cy(a) 
k 
of S' labeled on edges in G, and if |S > kx(G) > A(G)x(G), there are x(G) different k-subsets 
C1, C2,+-+ ,C\g) of S labeled on vertices in G such that $;(|S; = 9 or not if and only if 
uv ¢ E(G) or not, where wu and v are labeled by 5S; and S,, respectively. 
Furthermore, if G is an s-regular graph, we can always allocate x‘ (G) I-sets {C1, C2,-+- ,Cy(ay} 
with C;(|C; = 0 for integers 1 <i 4 j < x/(G) on edges in E(G) such that colors on adjacent 


edges are different, and then label verticesvinGby (J C(wu), which isa si-set. The proof 
ue Na(v) 


is complete for integer k = sl. 


2.2 Linear Space Labeling 


Let (V;F) be a multilinear space consisting of subspaces V;, 1 < i < |G| of linear space V 
over a field F. Such a multilinear space (V; F) is said to be exact if V; = @(Vi 1) V;) holds for 


j 
integers 1 <i <n. According to linear algebra, two linear spaces V and V’ over a field F' are 
isomorphic if and only if dimV = dimV’, which enables one to characterize a vector V space by 
its basis B(V) and label edges of G[V; F] by L: VuVu ~ B(Vul Vo) for WuVy € E (civ; F)) 
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in Definition 2.2 such as those shown in Fig.6. 


BWVu (Vo) 


Fig.6 


Clearly, if (V; F) is exact, ie., Vi = @(Vif)V;), then it is clear that 
Fi 


BV)= U BV(\V') and (AVP\V))( (AV \V") =0 


VV’'cE(G[V;F)) 


by definition. Conversely, if 


AV)= UO avf\v’) aa a(vfv')Na(vf\v") =0 


VV’eE(G[V;F]) 
for V',V" € Naw,~(V). Notice also that VV’ € E (civ; F1) if and only if V(}V’ 4 9, we 


know that 
Vi = BW Vs) 
j#i 


for integers 1 <i <n. This concludes the following result. 


Theorem 2.5({10]) Let (V; F) be a multilinear space with V= U V;. Then it is exact if and 
i=1 
only if 


AV)= (JP AlVf\Vv’) and a(vQ\’)Qa(vfyv") =0 


VV'e€E(G[V;F]) 


forV',V"E Newry (VY). 
2.3 Euclidean Space Labeling 


Let R” be a Euclidean space with normal basis 4(R”) = {€1, €2,--- , En}, where € = (1,0,--- ,0), 
= (0,1,0--- ,0),-++, 2 = (0,--- ,0, 1) and let (V; F) be a multilinear space with V = J R™ 


i=1 
in Theorem 2.5, where R™ ()R™ A R™™43} for integers 1 <i j < nm. If the labeled graph 


GV: F ] is known, we are easily determine the dimension of dimV. For example, let G” be 


dimV = 6. 
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R3 {€2} R3 
{&1} {e1 } 


R3 {E2} R3 


Fig.7 


Notice that V is not exact in Fig.7 because basis €3, €4, €5, €g are additional. Generally, we 


are easily know the result by the inclusion-exclusion principle. 


Theorem 2.6([8]) Let G’ be a graph labeled by R', R', ++», R™ 1c. Then 


dimG” = S- (-1)*t'dim(R™: (R= ()---(]R"), 
(viEV(G)|1<i<s)ECLs(G) 


where CL5(G) consists of all complete graphs of order s in G". 


However, if edge labelings A(R" ()R"”) are not known for wy € E(G"), can we still 
determine the dimension dimG”? In fact, we only get the maximum and minimum dimensions 


dimmazG”, dimminG” in case. 


Theorem 2.7([8]) Let G” be a graph labeled by R", R'2,---, R”ISl on vertices. Then its 


maximum dimension ditmarG” is 


dimmarG’ =1—m+ > ion 
veEV(GY) 


with conditions dim(R™ NR”) = 1 for Vuv € E(G*). 


However, for determining the minimum value dim,ninG”’ of graph G" labeled by Euclidean 
spaces is a difficult problem in general. We only know the following result on labeled complete 
graphs K,,,m > 3. 


Theorem 2.8((8]) For any integer r > 2, let K/(r) be a complete graph Kym labeled by 


Euclidean space R" on its vertices, and there exists an integer s, 0<s<r—1 such that 


r+s—-l1 r+s 
< 


Then 
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Particularly, 
3, if m=1, 
if 2<m<4, 
dimminKE(3) = 9 ees 
5, if 5<m< 10, 


24+[J/m], if m>11. 


All of these results presents a combinatorial model for characterizing things in the space 


R”",n > 4, particularly, the G” solution of equations in the next subsection. 


2.4 G"-Solution of Equations 


Let R™, R” be Euclidean spaces of dimensional m, n > 1 and let T: R” x R” — R™ bea 
Cr, 1< k < co mapping such that T(%, J) = 0 for Zo € R”, Jy € R™ and the m x m matrix 
OT! /Oy' (Zo, Yo) is non-singular, i.e., 
oT) as 
fee | (zo.T0) #0, where 1 <i,j7 <m. 

Then the implicit mapping theorem concludes that there exist opened neighborhoods V Cc R” 
of Zo, W C R™ of J) and a C* mapping ¢: V — W such that T(Z, ¢(Z)) = 0. Thus there 
always exists solution 7 for the equation T(z, 7) = 0 in case. 

By the implicit function theorem, we can always choose mappings 7), 7>,--- ,Zm and 
subsets S'r, C R” where S7, #@ such that T;: S7, — 0 for integers 1 < 7 < m. Consider the 


system of equations 


(ESm) 


in Euclidean space R",n > 1. Clearly, the system (E£'S,,) is non-solvable or not dependent on 


() Sr, =0 or # 0). 


i=l 


This fact implies the following interesting result. 
Theorem 2.9 A system (ES) of equations is solvable if and only if (.\ Sr, #9. 
i=1 


Furthermore, if (E'S;,) is solvable, it is obvious that G*[ES,,] ~ K%. We conclude that 
(E'Sin) is non-solvable if G’[ES;,] % K/,. Thus the case of solvable is special respect to the 
general case, non-solvable. However, the understanding on non-solvable case was abandoned in 
classical for a wrongly thinking, i-e., meaningless for hold on the reality of things. 

By Definition 2.2, all spaces S'r,,1 <i < m exist for the system (E'S,,,) and we are easily 
get a labeled graph G“[ES,,,], which is in fact a combinatorial space, a really geometrical figure 
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in R". For example, in cases of linear algebraic equations, we can further determine G’[E'Sjn| 
whatever the system (ES;,,) is solvable or not as follows. 

A parallel family @ of system (E'S,,) of linear equations consists of linear equations in 
(E'S;,) such that they are parallel two by two but there are no other linear equations parallel 
to any one in @. We know a conclusion following on G’{ES,,] for linear algebraic systems. 


Theorem 2.10([12]) Let (ES,,) be a linear equation system for integers m,n >1. Then 


GES] ~ K¥ 


N1,N2,77* Ns 


with ny t+n+2+---+n, = m, where ©; is the parallel family with n; = |@;| for integers 
1<i<sin(ES,,) and it is non-solvable if s > 2. 


Similarly, let 


X = A, X,---,X = ApX,---,X =AmX (LDES! ) 


be a linear ordinary differential equation system of first order with 


k k k 

a i all u(t) 
k k k 

a 2 oes eno 
ol} ol. al walt 


[f] 
7] 


Notice that the solution space of the ith in (LDES}) is a linear space. We know the result 


where each a;, is a real number for integersO <k <m, 1<it,j <n. 


following. 


Theorem 2.11((13], [14]) Every linear system (LDES},) of homogeneous differential equations 
uniquely determines a labeled graph G’|LDES},], and conversely, every graph G” labeled by 
basis of linear spaces uniquely determines a homogeneous differential equation system (LDES} ) 
such that G°[LDES1!] ~ G*. 


For example, let (LDES!,) be the system of linear homogeneous differential equations 


where % = 


2 


and £ = 


#—34+2c =0 1) 
#—5é+62 =0 2) 
#—7é+ 12x =0 3) 
#— 94 +202 =0 4) 
#-11é+302=0 (5) 
#—7t + 6a =0 6) 


“". Then the solution basis of equations (1) — (6) are respectively 


fete), fe eF4}, fet, ett}, Lett e*1, Le*, eS}, fe, et} with a labeled graph shown in Fig.8. 
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{ee} {PF {e464} 

{e'} {e+} 
{eet} {e, et} 
{e} fe} 
{ee} {fee} 


Fig.8 


An integral labeled graph G“’ is such a labeling L! : G > Z* that I! (uv) < min{L/(u), L7(v)} 
for Vuv € E(G), and two integral labeled graphs GE and GE" are said to be identical, de- 
noted by Ge = Ge if G, & Gy and Li(x) = L4(y(x)) for graph isomorphisms y and 
Va € V(Gi) JU E(Gi). For example, these labeled graphs shown in Fig.9 are all integral on 
Ka —e, we know G2! = G#? put G2! 4 G! by definition. 


3 2 4 4 2: 33 3 1 3 
1 2 2 1 2 2 
4 2 3 3 or A 4 1 4 

I I I. 
cme Gy Gs 
Fig.9 


For 2 linear systems (LDES},), (LDES1},)' of ordinary differential equations, they are 
called combinatorially equivalent, denoted by (LDES},) © (LDES},) if there is an isomorphism 
y : GE|ILDES!,] > G"'|LDES}|] of graph, linear isomorphisms €: «x — €(x) of spaces and 
labelings L1, Lz such that yLi(x) = Loy(E(x)) for Vx € V(G*[LDES}])U E(G4[LDES})), 
which are completely characterized by the integral labeled graphs. 


Theorem 2.12(({13], [14]) Let (LDES},), (LDES},)' be two linear system of ordinary differ- 
ential equations with integral labeled graphs G""|LDES?], GE" |LDES1)'. Then (LDES}) & 
(LDES1) if and only if G“' [LDES1] = G2" |LDES} 


] / 
m mi * 


§3. Graphical Tensors 


As shown in last section, labeled graphs by sets, particularly, geometrical sets such as those 
of Euclidean spaces R”,n > 1 are useful for holding on things characterized by non-solvable 
systems of equations. A further question on labeled graphs is 
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For labeled graphs G¥, GE, Gk, is there a binary operation o: (Gt,G%) > Gk ? And can 
we established algebra on labeled graphs? 


Answer these questions enables one to extend linear spaces over graphs G hold with con- 


servation laws on its each vertex and establish tensors underlying graphs. 


3.1 Action Flows 


Let (VY; +,-) be a linear space over a field ¥. An action flow (G: L, A) is an oriented embedded 


graph Gina topological space .Y associated with a mapping L : (v,u) > L(v,u), 2 end- 
operators At, : L(v,u) > LA (v,u) and At, : L(u,v) > L4t(u,v) on VY with L(v,u) = 
—L(u,v) and Ax, (—L(v, u)) = —L4%«(v, u) for V(v,u) € E (¢) 


An L(u, v) Av 


Fig.10 


holding with conservation laws 


> 14% (v,u) =0 for wev (G) 
uc Ne(v) 


such as those shown for vertex v in Fig.11 following 


L(ui, v) L(v, us) 


Fig.11 


with a conservation law 
-L" (v, ur) = Le (v, uz) = is (v, uz) + ca (a ud) =r Eas (v, Us) ie LAs (v, ug) = 0, 


and such a set {—L4*(v, uj), 1 < i < 3} U{L4),4 < 7 < 6} is called a conservation family at 


vertex v. 


Action flow is a useful model for holding on natural things. It combines the discrete with 
that of analytical mathematics and therefore, it can help human beings understanding the 


nature. 


0 
For example, let L : (v,u) > L(v,u) € R" x Rt with action operators Ay, = uur and 


Guu: R” > R for any edge (v,u) € E () in Fig.12. 
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Fig.12 


Then the conservation laws are partial differential equations 


1 2 

oe OL(t, u) Bas OL(E, u) a OL(u, v) 

OL(u,v) _ OL(v, w)* OL(v, w)? OL(v,t) 
Sia Ras eae RR iat Nae 
Z OL(v,w)! : OL(v, w)? OL(w,t) ; 

ywl— p+ Ayw2 — = ht —S 

OL(w,t) OL(v,t) _ AL(t, ut OL(t, u)? 

mats pe ee OF SO 


which maybe solvable or not but characterizes behavior of natural things. 
If A = 1y, an action flows (G: L, 1y) is called G-flow and denoted by Gt for simplicity. 
We naturally define 


Giu4Ga= Git and \-G=Grt 


for VA € ¥. All G-flows G” on G naturally form a linear space (G”; +, :) because it hold 
with: 

(1) A field ¥ of scalars; 

(2) A set G” of objects, called extended vectors; 


(3) An operation “+”, called extended vector addition, which associates with each pair of 
AL, Fle in TY ALi tLe wy, TV AL AL 
vectors G“!,G*? in G” a extended vector G1"? in G”, called the sum of G*! and G”?, 


in such a way that 


(a) Addition is commutative, G41 + G2 = G424 G"; 

(b) Addition is associative, (Gh + Gis) +G8=Ga+ (Gu + Gis); 

(c) There is a unique extended vector G9, ie., O(v,u) = O for V(v,u) € E (¢) in Cy 
called zero vector such that Gt + Go = Gt for all Gt in GY. 


=> => => 
(d) For each extended vector G there is a unique extended vector G~” such that G® + 
Gt = Gin CG: 


(4) An operation “-, called scalar multiplication, which associates with each scalar k in F 


=> => => 
and an extended vector G’ in G” an extended vector k- G” in Y, called the product of k 
with GL, in such a way that 


(a) 1- G" = G* for every G¥ in ee 
(b) (kiko) G4 = ki(ke - G*); 
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3.2 Dimension of Action Flow Space 
Theorem 3.1 Let Y be all action flows (G:L, 4) with AE O(V). Then 


dimY = (dimO(Y) x dimv)?@) 


if both V and O(Y) are finite. Otherwise, dimY is infinite. 


Particularly, if operators A € ¥*, the dual space of V on graph G, then 
dimY = (dimv yO ; 


where (3 (<) =€ (<) aa iG| +1 is the Betti number of G. 


Proof The infinite case is obvious. Without loss of generality, we assume G is connected 
with dimensions of VY and O(V) both finite. Let L(v) = {L4«(v,u) € V for some u € 

=> => => 
V (G)}, vEeV (a) be the conservation families in VY associated with (G: L, A) such that 
LA (u,u) = —At,(L(u,v)) and L(v) )(—L(u)) = L4eu(v,u) or 0. An edge (v,u) € E (¢) 
is flow freely or not in GY” if LAL (v,u) can be any vector in Y or not. Notice that L(v) = 
{LAvu(v,u) € V for some u € V (G)}. veV (¢) are the conservation families associated 
with action flow (G: L, A). There is one flow non-freely edges for any vertex in G at least 


and dimY is nothing else but the number of independent vectors L(v,u) and independent 
=> 
end-operators A;,, on edges in G which can be chosen freely in V. 


We claim that all flow non-freely edges form a connected subgraph T’ in G. If not, there 
are two components C;(T) and C2(T) in T such as those shown in Fig.13. 


Fig.13 


In this case, all edges between C)(T) and C2(T) are flow freely in G. Let vg be such a 
vertex in C)(T) adjacent to a vertex in C2(T). Beginning from the vertex vp in C\(T), we 
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choose vectors on edges in 


Ea (vo, Ne(v))( (CL) aq, 
Ea (Nav) \ {v0}, Ne(Ne(vo)) \ Na(vo)) (| (Cu(T)) as 


in (Ci(T))@ by conservation laws, and then finally arrive at a vertex uo € V(C2(Z)) such that 
all flows from V(C1(T)) \ {uo} to uo are fixed by conservation laws of vertices Ne(uo), which 
result in that there are no conservation law of flows on the vertex uo, a contradiction. Hence, 
all flow freely edges form a connected subgraph in G. Hence, we get that 


dimY < dimO(v))#@-2O) x (dimy)!2@O-2M) 
= (dimO(Y) x dmv)? 


We can indeed determine a flow non-freely tree T in G by programming following: 


= 
STEP 1. Define X, = {v,} for Voi € V (¢); 


STEP 2. IfV (¢) \ X1 #0, choose v2 € Ng (v1) \ X1 and let (v1, v2) be a flow non-freely 
edge by conservation law on v1 and define X2 = {v1, v2}. Otherwise, T = vo. 


STEP 3. IfV (¢) \X2 4, choose v3 € Ng (X1)\ Xe. Without loss of generality, assume 
v3 adjacent with v2 and let (v2,v3) be a flow non-freely edge by conservation law on v2 with 
X3 = {v1, v2, v3}. Otherwise, T = v1 v2. 

STEP 4. For any integer k > 2, if X, has been defined and V (2) \ Xx 4 0, choose 
veri € Ng (X~)\ Xp. Assume vz, adjacent with v* € X; and let (v", vz41) be a flow non-freely 
edge by conservation law on v* with X441 = Xz Uf{vr41}. Otherwise, T is the flow non-freely 

=> 
tree spanned by (X;,) in G. 
STEP 5. The procedure is ended if X 


flow non-freely tree T’ of en 


Kel has been defined which enable one get a spanning 


Clearly, all edges in E (¢) \ E(T) are flow freely in Y. We therefore know 
dime > (aimo(V))\9)—" % aimvy" 2) 
= (dimO(Y) x dimv)*( ©) -|4]#4 = (dimO(Y) x dimV/)?8(@) ; 


Thus, 
dimY = (dimO(Y) x dimv)?"™ | (3.1) 


If operators A € ¥*, dim¥* = dim¥Y. We are easily get 


dimY = (dimv)"2©) 


by the equation (3.1). This completes the proof. 


42 Linfan MAO 


=> => 
Particularly, for action flows (G: L, ly), i.e., G-flow space we have a conclusion on its 
dimension following 


Corollary 3.2 dimG” = (dimv) if V is finite. Otherwise, dim# is infinite. 
3.3 Graphical Tensors 


Definition 3.3 Let (Gistn, Ai) and (G2; Le, Ao) be action flows on linear space V. Their 
tensor product (Gi; Tn, Ai) ® (G2: La, Ap) is defined on graph Gi ® Gs with mapping 


L: ((v1,u1), (v2, u2)) > (Li(v1, ui), Lo(va, u2)) 


on edge ((v1, U1), (v2, u2)) € E (G ® G2) and end-operators Ab, i Ree = Ai & Ae 
2 ee = At, ® At»y,, such as those shown in Fig.14. 
V1 L(v, ui) Ul 
+ 
AS a A a) A L A! 
— O—$_{_{_>_____—_—__18 
(v1, v2) (u1, ug) 
L2(v2, v2) 
V2 U2 
A At 
V2U2 U2V2 


Fig.14 


ith L = (L ie dA=At, @At,,,A’=At, @AL,, where G1 @G 
we io ( 1(V1, U1), 2(v2, U2)) males —~ 440, ui1 ® v2U2? —~ 4huiU1 ® ugug? Where G1 ® Ge 
is the tensor product of G, and G2 with 


V (G.@ G2) =V(G) x Vv (G2) 


and E (G @ G2) = {((v1, v2), (ur, U2)) | if and only if 


(v1,u1) € EB (G,) and (v2,u2) € E (G2)} 


with an orientation OF : (v1, v2) > (ui, u2) on ((v4, V2), (U1, u2)) € E (G @ G2). 


Indeed, (G1: L1, 41) @ (Gs; Le, Ao) is an action flow with conservation laws on each 


met 
vertex in G1 @® G2 because 


Al fs ® 7. (Li(v1, ut), L2(v2, u2)) 


(1 ,U2)ENG @G2 (V1,02) 


= 2 Ad uy (E1(01, t1)) Atuuy (Leva, t2)) 


(ui ,u2)ENG, @Gq (V1,02) 


=( SY Gerwy ms) x{  Calert))* | =0 


u1€Na, (v1) u2E€ Nao (v2) 


Labeled Graph — A Mathematical Element 43 


=> => 
for V(v1, v2) € V (G @ G2) by definition. 


Theorem 3.4 The tensor operation is associative, 1.e., 


(Gusta, A1) ®) (G2; Le, A2)) &) (Gs: Ls, As) 
= (GisLi, Ai) ®) ( (Go: Le, Az) ®) (Gs: Ls, As)) . 


Proof By definition, (G @ G2) ®G3 = G1 ® (Ge Gs). Let (v1,u1) € B(G,), 


(v2, ug) EF (G2) and (v3, U3) Eek (Gs) . Then, ((v1, v2, U3), (u1, U2, u3)) Ek (G & Gs & Gs) 
with flows (Li(v1, v1), L2(v2, uz), L3(v3,u3)), and end-operators (Af ,, ®@ Ay,,,,) @ Aw, in 


V1Ui1 v2 is) U3 U3 


((Gi; La, A1) @ (G23 La, de) )@(Goi Ls, As) but Ady, @(AL uy @ Abvug) in (Gis Lr, Ai) 


V1U1 V2 ,U2 U3 U3 


=> => 
( (Go: Lz, Ae) ® (Gs: Ls, As) ) on the vertex (v1, v2, v3). However, 


(Abia @ Ada us 


)@AtL, =Abu, @ (Ab, @ AL 


U3 U3 U1Ui1 U2,U2 a) 


for tensors. This completes the proof. 


LD foot ; ZL. WL, 
Theorem 3.4 enables one to define the product ® (Gi: Li, Ai). Clearly, if {Gi EG 


i=1 
Solas | .s = Alii 5 AL Sink 
-,G;, ‘} is a base of GY, then Gy OGs? +8 Gn", 1<1-< nL Are 7 fom 


Av, AVa TY, soe . 
a base of Gj! ® Gy? ®---® G}”. This implies a result by Theorem 3.1 and Corollary 3.2. 


Theorem 3.5 dim (® (Gi: i 4)) _ [] aimy22@, 
i i=1 


Particularly, dim @2.') = [J aim? and furthermore, if ¥; = V for integers 
i=1 


1<i<m, then 


e s BG: 
dim (® cr) aeaier 


a 
i=1 
. F, . . . . ee . naar . . 
and if each G; is a circuit Cy,, or each G; is a bouquet By, for integers 1<i<m, then 


dim (® ay) —dimvV”" or dim (® ay) — dimymtnat-tnm 
i=1 


i=1 


§4. Banach G-Flow Spaces 


The Banach and Hilbert spaces are linear space Y over a field R or C respectively equipped 
with a complete norm || - || or inner product (-,-), i.e., for every Cauchy sequence {z,,} in ¥, 
there exists an element x in VY such that 


lim |jt,—2||y=0 or lim (a, -—2,¢—-2)y =0. 
n—-co n—0o 
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We extend Banach or Hilbert spaces over graph G by a kind of edge labeled graphs, i.e., G-flows 


in this section. 


4.1 Banach G-Flow Spaces 


=> => => 
Let VY be a Banach space over a field ¥ with ¥ = R or C. For any G-flow G4 € G”, define 


(e4]= dX leet, 


z= 


(vu)eE(G@) 
where ||Z(v, u)|| is the norm of L(v,u) in Y. Then it is easily to check that 
(1) |e-| > 0 and |e-| = 0 if and only if G4 = @°. 
(2) |ee| =e IKefal for any scalar €. 


(3) en 4+ Ge 


< ex 


+ 


ZR. . i, . 
Whence, || - || is a norm on linear space G”. Furthermore, if Y is an inner space, define 


(GG? = S> (La(v,u), Lo(v,u)). 


(u,v)eE(G) 


(4) (G4, G") > 0 and (G4, G") =0 if and only if L(v,u) = 0 for V(v,u) € E(G), ie, 
Gt = G, 
(5) (G4, G) = (Gl, Gt) for VG",G4 € G”. 


(6) For G’, G"1, G’? € G”, there is 
bon 4 ude,ae) 
M(B, B) +n (BB), 
Thus, G” is an inner space. As the usual, let 
[er] = yen") 


AL Ay gate 
for G* € G”. Then it is also a normed space. 


If the norm || - || and inner product (-,-) are complete, then | 2 


{ 
) 


= ALA 
G and (G ,G ) are too 
. . Aw . AL 
also, i.e., any Cauchy sequence in G” is converges. In fact, let 5 G ° be a Cauchy sequence 


t 
3 
in G”. Then for any number ¢ > 0, there exists an integer N(e) such that 


|¢ 


_ 
Gin — Gln ce 
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ifn,m > N(e). By definition, 


| Ln(v,u) — Lm(v,w)l] < |[@4" — G4 || <e 


ie., {Z,(v,u)} is also a Cauchy sequence for V(v,u) € E (G), which is converges in V by 
definition. 
Now let L(v,u) = lim L,(v,u) for V(v,u) € E (G). Clearly, 


lim Gin = Ge. 


nN— Oo 


AL Ry oe 
Even so, we are needed to show that G* € G”. By definition, 


S- Ly(v,u) = 0, vev(G) 


uENa(v) 


for any integer n > 1. If n — o0 on both sides, we are easily knowing that 


Jim, S- Ln(v,u) = S- Jim, Ln(v, v) 


uE€Na(v) ue Na(v) 


I 

M 

= 
— 

= 
I 


Thus, Gt € G”, which implies that the norm is complete, which can be also applied to the 
case of Hilbert space. Thus we get the following result. 


Theorem 4.1((18], [22]) For any graph G, G” is a Banach space, and furthermore, if V is 
=. 
a Hilbert space, G” is a Hilbert space also. 


ny ny. ; 
An operator T: G” — G” is a contractor if 


[Ee -the ss 4 (en =ee) 


=> => => 
for VG", G" € G” with € € [0,1). The next result generalizes the fixed point theorem of 
Banach to Banach G-flow space. 


Theorem 4.2([{18]) Let T : GY’ = G” be a contractor. Then there is a uniquely G-flow 
=> => => 
GEG” such that T (G*) age 
=>. eae 
An operator T: G” — G” is linear if 


7 (AG! 4G) = a0 (G") + ur (G4) 


— = = 3 ‘ 
for VG, G'2 € G” andi, € F. The following result generalizes the representation theorem 


=> => 
of Fréchet and Riesz on linear continuous functionals to Hilbert G-flow space G”. 
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Theorem 4.3([18], [22]) Let T: GY’ = C be a linear continuous functional. Then there is a 
ose lS = =>, 2F => => 
unique G’ € G” such that T (c*) = Ca”, G") forvVG* eG”. 


4.3 Examples of Linear Operator on Banach G-Flow Spaces 


Let # be a Hilbert space consisting of measurable functions f (a1, 22,--- ,%n) on a set 


A = {(@1,%2,°°° ,tn) € Ray < aj <b,1<i<n}, 


which is a functional space L?{A], with inner product 
(F(x) .9(8)) = f Foejaleidx for /(x), 9) € LIA 


= 

where x = (#1, %2,:++ ,%,) and G an oriented graph embedded in a topological space. As we 
=> => => 

shown in last section, we can extended # on graph G to get Hilbert G-flow space G”. 


The differential and integral operators 


and 


| Ge _ | K(x,y)G*lay = Gla Kew) Le) Iylay, 
A A 


a; 


for V(u,v) € E (G), where a;, “~ € C°(A) for integers 1 < i,j <n and K(x,y):Ax A> 
U5 
Ce L?(A x A,C) with 


K(x, y)dxdy < oo. 
AxA 


Clearly, 


D (Ene + wGiarw)) =D Ceo ey) 
= GPOALi(v,u)+uL2(v,u)) = GPAL1(v,u))+D(uL2(v,u)) 


= G@PALi(vu)) 4 G@DuLa(vu)) — p (GOL wa) 4 GeEor)) 


=AD (GEO) + D (uGH)) 
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for Gh, Gla € G# and A, € R, ie., 
D (aG™ + Gi) = \DG™ + uDG??. 


Similarly, we can show also that 
‘ (Ge + 4G") = af Gh +uf Gt, 
A A A 


i.e., the operators D and | are linear. 
A 


Notice thatG Lo) € G*, there must be 


se L(v,u) =0 for wev(G), 


uENa(v) 


We therefore know that 


=D Se L(v,u) | = S- DL(v, u) 


u€Neg(v) ue Ng(v) 


and 


Fig.15 


AT 
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[0,z] and let G” be the G-flow 


For example, let f(t) = t, g(t) =e’, K(t,7) =l1on A= 
shown on the left side in Fig.15. Calculation shows that Df = 1, Dg =e 


[ Kenn nar = f° pee Sf Kunal nde = fo e’dr =e* —1 
0 0 

ane 

G” are shown on the right in Fig.15. 


= 
and the actions DG, 
[0,1] 


Particularly, the Cauchy problem on heat equation 


is solvable in R” x R if u(x, to) = y(x) is continuous and bounded in R”, and c is a non-zero 
. Eom . 


constant in R. Certainly, we can also consider the Cauchy problem in G™, i.e 


OX 5 O?X 
ae tare 


with initial values X|,=1,, and get the following result 


Dr Dprnr 
Theorem 4.4([18]) For VG" € G®"*® and a non-zero constant c in R, the Cauchy problems 


on differential equations 
OX Wn aX 
ce 


1 Dprr 
with initial value X|t-1. = GX € G®'*® is solvable in G® *® if L' (v,u) is continuous and 
bounded in R” for V(v,u) € E (c). 


zee 
Fortunately, if the graph G is prescribed with special structures, for instance the circuit 
= 


decomposable, we can always solve the Cauchy problem on an equation in Hilbert G-flow space 


ae . . . . . 
G” if this equation is solvable in # 
]) Ifthe graph Gis strong-connected with circuit decomposition 


Theorem 4.5([18], [22 


such that L(v, u) = L; (x) for V(v,u) € E (6;), 1<i<Jand the Cauchy problem 
F; (X, U, Ue,» 60, Urn, Uryre)* wo) =0 
Ulxo = Li(x) 


is solvable in a Hilbert space # on domain A C R” for integers 1 < i < I, then the Cauchy 
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problem 
Fi (x, X, Xe? (Megs Megeey* **) = 0 
=> 
Alee= G" 


such that L (v,u) = L;(x) for V(v,u) © X (¢:) is solvable for X ¢ G™. 


§5. Applications 


Notice that labeled graph combines the discrete with that of analytic mathematics. This char- 
acter implies that it can be used as a model for living things in the nature and contributes to 
system control, gravitational field, interaction fields, economics, traffic flows, ecology, epidemi- 
ology and other sciences. But we only mention 2 applications of labeled graphs for limitation 
of the space, i.e., global stability and spacetime in this section. More its applications can be 
found in references [6]-[7], [13]-[23]. 


Fig.16 


5.1 Global Stability 


The stability of systems characterized by differential equations (E'S,,) addresses the stability 
of solutions of (£'S,,) and the trajectories of systems with small perturbations on initial values, 
such as those shown for Big Dipper in Fig.16. 

In mathematics, a solution of system (F'S,,,) of differential equations is called stable or 
asymptotically stable ([25]) if for all solutions Y(t) of the differential equations (F£S,,) with 


[¥ (0) — X(0)| < (€), 


exists for all t > 0, 
|Y(t) — X(t)| <e 
for Ve > 0 or furthermore, 


lim |Y (t) — X(t)| = 0. 


However, by Theorem 2.9 if (| Sr, = @ there are no solutions of (F'S,,). Thus, the classical 


t=1 
theory of stability is failed to apply. Then how can one characterizes the stability of system 
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(ES'7,)? As we have shown in Subsection 2.4, we always get a labeled graph solution G’[ESjn| 
of system (£S;,,) whenever it is solvable or not, which can be applied to characterize the stability 
of system (E'S,,). 

Without loss of generality, assume G/(t) be a solution of (ESj,,) with initial values G¥ (to) 
and let w : V (G*[ES;,]) > R be an index function. It is said to be w-stable if there exists a 
number 6(¢) for any number € > 0 such that 


je(ene) <s 
or furthermore, asymptotically w-stable if 


lim lw (42-40) | = 0 


t— co 


if initial values hold with 


I|L1(to)(v) — La(to)()ll < dle) 


for Vv €V (G). If there is a Liapunov w-function L(w(t)): @ = R,n > 1 on G with OCR" 


open such that L(w(t)) > 0 with equality hold only if (@1,22,---,a@n) = (0,0,--- ,0) and if 
(w) 


t > to, < 0, for the w-stability of G-flow, we then know a result on w-stability of (E'S,,) 


following. 


Theorem 5.1(([22]) If there is a Liapunov w-function L(w(t)) : @ + R on G*[ESn] of system 
(ES), then G“[ES] is w-stable, and furthermore, if L(w(t)) < 0 for G4[ESm] 4 @[ESn], 
then G*|ES,,]| is asymptotically w-stable. 


For linear differential equations (LDES},), we can further introduce the sum-table sub- 
graph following. 


Definition 5.2 Let H” be a spanning subgraph of G*[LDES}]] of systems (LDES!,) with ini- 
tial value X,(0),v € V (G[LDES),]). Then G*[LDES,,] is called sum-stable or asymptotically 
sum-stable on H” if for all solutions Y,(t), v € V(H*) of the linear differential equations of 
(LDES},) with |Y,(0) — Xy(0)| < by exists for allt > 0, 


~ KVO- YL HO) <s 
veV (HE) veV(HL) 


or furthermore, 


lim SS Gy Se 0: 


veV (HL) veV(HL) 
We get a result on the global stability for G-solutions of (LDES},) following. 


Theorem 5.3(({13]) A labeled graph solution G°[LDES}| of linear homogenous differen- 
tial equation systems (LDES},) is asymptotically sum-stable on a spanning subgraph H” of 
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G![LDES,,] if and only if Rea, <0 for each B,(t)e™! € By, Vv € V(H*) in G [LDES), ]. 


Example 5.4 Let a labeled graph solution G4[LDES$}] of (LDES},) be shown in Fig.17, 
where 1, = {e~2#, 6-34, 68}, uy = {e384 e4#}, ug = [ett eB, #1, yy = {e-5t, Fg 8} 
vs = {e*,e ©}, ug = {e-*,e-*, e **}. Then the labeled graph solution G°[LDES!} | is sum- 
stable on the labeled triangle v4v5vg but not on the triangle v,v2v3. 


UG feo}. ou 


{eS} {eS} 


V4 {e*} us 
Fig.17 


Similarly, let the system (PDES®) of linear partial differential equations be 


Ou Hilt 
Dr Fil, F157 °° 5 Un-1; 08 Pn 
at ia SUE ERNE Ne ie pei (APDESC) 
ulemto = up) (w1,@2,°++ yan—1) 
A point xt a (to, xii), vee a) sie) with Hi(to, xii), .-. ah ee) = 0 for l <i< mis 


called an equilibrium point of the ith equation in (APDESG). Then we know the following 
result, which can be applied to the ecological mathematics for the number of species> 3 (([31]). 


Theorem 5.5([{17]) Let xt be an equilibrium point of the ith equation in (APDES® ) for 
m m A; m i 

integers 1 <i<m. If (H(X)>0 and 2 <0 for X 4 xl, then the labeled 
i=1 i=1 i=l 


ot 
graph solution GE[APDES®] of system (APDESQ ) is sum-stable. Furthermore, if >> a 
i=1 


0 for X # DY xl, then the labeled graph solution G*|APDES] of system (APDESG ) is 
i=1 


< 


i= 
asymptotically sum-stable. 


A= O — fim 


Fig.18 


An immediately application of Theorem 5.5 is the control of traffic flows. For example, let 
O be a node in N incident with m in-flows and 1 out-flow such as those shown in Fig.18. Then, 
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what conditions will make sure the flow F being stable? Denote the density of flow F by pl! 
and f; by p"! for integers 1 < i < m, respectively. Then, by traffic theory, 


=0, 1<i<m. 


We prescribe the initial value of pl! by pl (x,t) at time to. Replacing each pl by p in 
these flow equations of f;, 1 < i < m, we get a non-solvable system (PDES) of partial 
differential equations 


Op Op 
Ot + Oa, =0 
P |t=to = pil (x, to) 


1<i<m. 


(‘) 
Denote an equilibrium point of the ith equation by oll, ie., oi (ph 1) 9 —(, By Theorem 
xv 
5.5, if 
m m ap dp 2 
A <0 d — ¢! — >0 
Yiau(e) <0 and YH) = ato (38) | > 


for X # SO oll, then the flow F is stable, and furthermore, if 
k=1 
= ga ae 
os = 0 
S40) are - #10 (32) | < 
for X # YO oll, it is asymptotically stable. 
k=1 


5.2 Spacetime 


Usually, different spacetime determine different structure of the universe, particularly for the 


solutions of Einstein’s gravitational equations 
pv 1 pv Vy Vv 
REY — fg + Agh” = —8nGT"”, 


where R¥Y = RKov = Gap ROMP”, R= Gy R"” are the respective Ricci tensor, Ricci scalar 
curvature, G = 6.673 x 10~8em3/gs?, « = 8mG/c* = 2.08 x 10-*em—! - g-1 - s? ([24]). 


Fig.19 


Certainly, Einstein’s general relativity is suitable for use only in one spacetime R*, which 
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implies a curved spacetime shown in Fig.19. But, if the dimension of the universe> 4, 


How can we characterize the structure of spacetime for the universe? 


Generally, we understanding a thing by observation, i.e., the received information via 
hearing, sight, smell, taste or touch of our sensory organs and verify results on it in R? x R. If 
the dimension of the universe> 4, all these observations are nothing else but a projection of the 
true faces on our six organs, a partially truth. As a discrete mathematicians, the combinatorial 
notion should be his world view. A combinatorial spacetime (@|f) ({7]) is in fact a graph G” 
labeled by Euclidean spaces R”,n > 3 evolving on a time vector under smooth conditions in 
geometry. We can characterize the spacetime of the universe by a complete graph K/, labeled 
by R* (See [9]-[11] for details). 


For example, if m = 4, there are 4 Einstein’s gravitational equations for Vu € V (K. ae 
We solve it locally by spherically symmetric solutions in R* and construct a graph K-solution 
labeled by Sy,, S., S57, and Sz, of Einstein’s gravitational equations, such as those shown in 
Fig.20, 


Sh Sf. 


Fig.20 


where, each Sr, is a geometrical space determined by Schwarzschild spacetime 


1 
———dr® — r*(d0? + sin? 6d¢”) 


ds? = f(t) (1— *) a - —> 


for integers 1 <i < 4. Certainly, its global behavior depends on the intersections Sr, (| Sy,,1 < 
t#ISA. 

Notice that m = 4 is only an assumption. We do not know the exact value of m at present. 
Similarly, by Theorem 4.5, we also get a conclusion on spacetime of the Einstein’s gravitational 
equations and we do not know also which labeled graph structure is the real spacetime of the 


universe. 


Theorem 5.6([17]) There are infinite many G-flow solutions on Einstein’s gravitational equa- 
tions 


1 
RY gfgh = —8nGT"” 
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in G‘, particularly on those graphs with circuit-decomposition G = U C'; with Schwarzschild 


spacetime on their edges. 


= = = 
For example, let G = C4. We are easily find C’4-flow solution of Einstein’s gravitational 
equations such as those shown in Fig.21. 


V1 Sp, v9 
Sf, S fo 
as Sts U3 

Fig.21 


Then, the spacetime of the universe is nothing else but a curved ring such as those shown in 
Fig.22. 


Fig.22 


= — 

Generally, if G can be decomposed into m orientated circuits C;, 1 << i< m, then Theorem 

5.6 implies such a spacetime of Einstein’s gravitational equations consisting of m curved rings 
=> 

over graph G in space. 


§6. Conclusion 


What are the elements of mathematics? Certainly, the mathematics consists of elements, include 
numbers 1,2,3,---, maps, functions f(x), vectors, matrices, points, lines, opened sets ---, 
etc. with relations. However, these elements are not enough for understanding the reality 
of things because they must be a system without contradictions in its subfield of classical 
mathematics, i.e., a compatible system but contradictions exist everywhere, things are all in 
full of contradiction in the world. Thus, turn a systems with contradictions to mathematics is 


an important step for hold on the reality of things in the world. For such an objective, labeled 
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graphs G” are elements because a non-mathematics in classical is in fact a mathematics over 
a graph G ((16]), i.e., mathematical combinatorics. Thus, we should pay more attentions to 
labeled graphs, not only as a labeling technique on graphs but also a really mathematical 


element. 
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Abstract: The present paper explores interconnections between sequences related to con- 
vergents of generalized golden ratios and four kinds of Tchebychev polynomials. By defining 
and adding Brahmagupta polynomials of third and fourth kind, the paper also interconnects 
the four kinds of Brahmagupta polynomials to the four kinds of Tchebychev Polynomials 
respectively. In this way, the present paper provides two spectacular views of Tchebychev 


polynomials of all four kinds through golden ratio and Brahmagupta polynomials. 


Key Words: Fibonacci and Lucas numbers, Tchebychev polynomials and Brahmagupta 


polynomials. 


AMS(2010): 11B39, 33C47. 


§1. Introduction 


The algebraic integer ® = =lyvs obtained as one of the roots of the quadratic equation 
t? +¢t—1=0 is well known in the literature as golden ratio. ® is also given by the beautiful 
continued fraction expansion 


1 Fy 


where F;, is the well known Fibonacci numbers. Approximating ® by — 


for a suitable n, 
n+1 
ancient Greek architects have constructed what are called golden triangles, golden rectangles 


and so on, which have enhanced the beauty of architecture of their buildings. An elegant 
number theoretic result is that (L,,F,), where L, = Fy—1 + Fr+41 is well known as Lucas 


number, satisfies the quadratic Diophantine equation 
LD? —5F? = 4(-1)". 


For more details please refer [6], [9], [10]. Choosing one of the roots of at? +t — 1 = 0 and 


t? + xt — 1 = 0 one gets the following two generalizations of golden ratio with interesting 
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continued fraction expansions ([7], [11]) 


®, (x) 


_a-l+v1+4e 


_i1 x x x 0 

Qe aoe eee a ae 
g2+4 1 1 1 1 

——<—_— es =_ _ — ; z>0 
2 Pe le, OP ch. OP x 


They have a nontrivial interconnection become 


When a = 1, ®)(1) = 62(1) = ©. 


The four kinds of Tchebychev polynomials well studied in the literature ( [1], [3], [7]) are 
described below when x = cos@: 


T(x) 
U, (2) 


I 


cos nO ;To=1, T(z) =a, ; 

si 1)0 

ee ; Up =1, Ui(z) =2 2, : 
sin 0 

+ 4)0 

uae 1 >WY=1, Vile) =22-1,---, 
cos 5 0 

sin(n + 5) 

ea 2 Wie = Wiley = oe 1a ds: 
sin 50 


They satisfy the three term recurrence relations 


Pr4i(a) = 2 xP, (x) — Pr-i(x) 


with the above initial condition. Their interrelations are nicely described below in the literature 


(1), [3], [7]): 
U, (2) 
Vi (2) 
and W(x) 


Tr +1(2) 


= Un+1(2) a Un (x) 


Tn41 (x) = T(x) 


= Unsi(2) + Un(2) = (-1)"Va(—2). 


Their link to trigonometric functions will yield the following worth quoting orthogonality prop- 


erties ({1], [3], [7]): 


: 0, mn; 
1 
[ Tole)To(v) ate = fr, man=0: 
z, m=n#0, 
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1 ae m= n, 
1 
1 0, mn; 
/ Ware ee < Fe 
=4 1-2 T, M=n 
1 
_ 0, mn; 
Won (2)Wa (2) “de = e 
ah l+¢2 | m=n 


An amazing result on {Tp41, Un} is that the continued fraction expansion ({11]) 


1 1 1 1 
Vor2—-l=2r-— Pare a we ’ x>1, (5) 


2x 2x 2x 2x 


which is constructed using 


has the sequence of convergents 


(ote ee ete Oe oF (6) 


A related result is that the following continued fraction ([11]) 


z+ 2 ie fic. .% 
Vat pe. oe. De oe (7) 


which can also be written as 


ae Le : >1 
4/ = —____!_———., x 
z—1 (a —-1)+Va2-1 


has the sequence of convergents 


P(z) _ fi 2e+1 Wala) 
{polh = {2 eet Ee) ee (8) 


A pair of two variable polynomials with a parameter (x,,(2, y, t), yn(2, y,t)) is said to be 


Brahmagupta polynomials ([5], [6], [9]) if en(x,y,t) and yn(ax, y, t) satisfy 


(tn t+ynvt) = (atyvt)”, n=0,1,2,... 


a (a? — ty”)” 


or ge — ty 


3sN 


or (a, ae ty? )(x —ty,) = (fm2n + tytn) — t(tmyn + ee (9) 


The last identity (9) is called Brahmagupta identity ({12]), which is a more general form 
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of Diophantine identity 
(ae ae eae + yi) os (tIm2n = en) + (LmYn ot Ca 


Both z, and y, satisfy the following three term recurrence relations: 


iq = Qe ty, — (a? —ty*)tn1, t= 1, 21 = 2, n= 1,2,3,++ (10) 
and 
EY eg PO a ype a, PO Ea a ol (11) 
y y y ¥y y 
They are related to golden ratio as well as Tchebychev polynomials by the following rela- 
tions [9]: 


1 1 
(1) For x = p= % and t = 5, one recovers easily 


22n, = Ln, 
Ynt1 _ IB 
y 


(2) For x? — ty? = 1, one gets directly 


tea Ti (a); Unt} _ U(x), n=0,1,2,--- : 


y 
In the background of the above curious ideas and results the paper intends to do justice to 
its title. In the next section, the convergents of ,/#++ related to ®;(x) are shown to be related 


to all the four kinds of Tchebychev polynomials in a rigors manner. The convergents of ®; (2) 
and ®2(x) are shown to be related to U;,(x) and V,,(x) only. In the third and the last section, 
first two kinds of Brahmagupta polynomials are shown to be related to T,(a) and U,,(2). 


The new things added are Brahmagupta polynomials of third and fourth kind which are 
defined with the help of Brahmagupta polynomials of second kind. Of course when x? —ty? = 1, 
all of them will become respective kinds of Tchebychev polynomials. 


§2. Generalization of Golden Ratio and Expressions for Their Convergents Interms 


of Tchebychev Polynomials 


First let us consider the generalization of the golden ratio 


_-l+vIiF4 


®, (x) or = rc" 


1 
n+1 


2n 
valid for |z| < 4, where C, = ( ) is the n*” Catalan number. The above series is a 
n 
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Stieltje’s series ((8], [11]) because 


-14+VIF& _ tf dt 
22 a 4 0 VYlt+at 
1 « « & SG 
© ed se Whew lh ay dates = - 
and the sequence of convergents is 
gE es) ak aa atures arlene Ane) 
Q(z) Jf | Ww 41°14 22°14 32+ 2?’ * Ansi(x)’ 
where 
Anti(t) = An(x) + @An-i(2), 
Aj (2) = 1, Ao(x) = 1, n= 2,3,4,-°: : 


For x = 1, as expected one gets 
Ay = n> n=1,2,3,---. 


In order to express A,,(x) interms of Tchebychev polynomials, we use 


l+vVl+4c0 _ | 
2 
eG € x 
=1l+- - — ; z>0 
Lope eg De 


and the sequence of convergents is 


{Fa}. {t l+a 1422 Anui(t) \. 


Q(z) i t- tte ey 


Let us apply the following transformation 


sis (Ca af ee 
which enables us to wrote 
1 
14+4¢ = : 
+ 4x 51 


Since 


ieee rer 
Wag ae anos a 


(12) 
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Using the above transformation 


at 
stl _ jae 2(s—1) 
s-1l Te. ok WHE act 
1 1 i 1 
= 1 = = 0 13 
Vie. et oe, © 3) 


which is valid because s = 1+ x x > 0 and the sequence of convergents is 


{Po} _ {2 8 2%s+1 25?-1 Pan-1(8) Pan(8) \. 


Q(z) L Gal) ti Bessie Oe) Oey 


The numerator and denominator polynomials of the continued fraction (13) satisfy the 
following relations: 
1) Ponti (s) = 2Pon(s) + Pon—1(s); 
2) Pon(s) = (s — 1) Pon-1(s) + Pon—2(s); 
3) Qon+1(8) = 2Qan(s) + Qan-1(8); 
4) Qan(s) = (8 — 1)Qan-1(8) + Qan—2(s). 


Using the above relation, we get the following three term recurrence relation for the odd 
and the even convergents of the continued fraction (13): 


(1) 
(2) 
(3) 
(4) 


Ponsi(s) = 2 [(s—1)Pon-1(s) + Pon+a(s)] + Pon-1(s) 
2s Pon—1(s) + [2 Pon—2(s) — Pon—1(s)], 


Pon4i(s) = 28 Pon—1(s) — Pan—3(s) 
and 
Pon(s) = (8-1) [2 Pan-2(s) + Pan—a(s)| + Pon—a(s) 
= 28 Prn—2(s) + [(s — 1) Pon—3(s) — Pon—2(s)], 
P2,(s) = 2s P2n—-2(s) = P2y»—4(s). 


Similarly, we obtain the followings: 


Qonti(s) = 28 Qan—1(s) — Qan—3(s) 


and 
Qon(s) = 28 Qen—2(s) — Qan—a(s). 
Since 


Pi(s) = 1, P3(s) =2s—1, 
P2»_-1(s) = Vn—-1(8); n= 1,2,3,-°- ’ 
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Q1(s) = 1, Q3(s) =2s+ 1, 


Qon-1(8) = Wnr-1(s); i 1,2,3,--- F 
Po(s) = 8, Py(s) = Jeti 1, 
Po,(s) = T,(s)} n=1,2,3,--- 


and 


Qa(s) = (s—1),Qa(s) = (s— 1)2s, 
Qen(s) => (s — 1)Un_-1(s); n= 1,2,3,--- : 


The odd and even convergents of the continued fraction (12) are: 


Aon (x) a Wn—1(s) a2 Un—1(s) 
Fania) 2 b+ aa Vn—(s) 
2, frre tea) 
om lV,, 1 (14+ 4) 
and 
Ammsi(z) _ 1 | Tals) | ee E ~ 1)Un-a(8) + Tas) 
Aon (x) 2 (s — 1)Un_-1(s) 2(s— 1) Un—-1(s) 


1 Vi(s) 
2(s—1) Un_-1(s) 
a"V, (1+ x) 


a™-1Uy_1 (1+ 4) 


Vn (1 + =) zt” Aon+1 (+) , 
Un (1 i =) a” Aone (=) 


Now, we obtain the odd and even convergents of the continued fraction (12) interms of 
second and third kind of Tchebychev polynomials 


As a result, we obtain 


I 


Aon-1(2) x Va-1 (1 oF 


1 
2a 
Aon() — 2-1 p-1 (1+ 3) 


and 


Aanla) OU a as) 
Aonsi(x)  —-x"V, (1+ 34) 


(Similar results are derived in [7].) 
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Similarly the following continued fraction 


Rij antve 4 ae bee Lee 
a 2 —  £ = 
Pt 1 
= - = — : z>O0 (14) 
T+U4++--4+ 0 4-- 
has the following odd and even convergents: 
Bon-1(x) _ al Agn-1 (+) oa i (27)""* Aan—1 (=) 
Boy (x) x Aon (=) x (a?)"-1Ao, (=) 
1 Yn- (1 + +) 
~ Ga (+4) 
and 
Ban(e)_ _ 1 Aan (sz) _ 1 @*(a?)" Aan (32) 
Bonsi(t) £ Aonsi (+) a (@?)"Aongi (+) 
Un-1 (1 = =) 
— a) 
Vn (1+ 4) 
Hence 
Aon+1(2) = & Va 1+— ’ Aon+2 (x) =x Un 1+ — ’ 
22 22 
x? x? 

Bon41(x) = Vn (1 a =) ’ Bon+2(x) =z Un (1 2a =) : 


For x = 1, we obtain 


3 
Fong. = Aon4i(1) = Bonyi(1) = Vn (3) ; 


Fon42 = Aon+2(1) = Bony2(1) = Un (3) ; n=0,1,2,3,---. 


§3. Connections Between Tchebychev Polynomials and Brahmagupta Polynomials 


of All Four Kinds 
Brahmagupta polynomials have the following binet forms ([9]): 
1 
In(x,y;t) = gl a yv't)” + (x ~~ yvt)"], n= 0, 1, 2,3, Are 


and 


n+1(a, y5t 1 n n 
y — y;t) = ale tev LiGgagj | w= 04,9, 3% 
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Put 6 = 2? — ty? or yt = \/x? — B, then we obtain 
y ¥ 


maleyt) = 5 (let Ve By + (@— VB" 
a eariesy " f@ ya), 
~ *2 VB VB \ VB VB 
BF fx 
= —T,|—— 
rT (Fa) 
and similarly, 
Yn+1(2, Y; t) _ 1 j 2 nt+1 2 n+l 
eS eS ale a? — ) GW By" | 


rn x 
- 6(5) 
ve 
Motivated by Tchebychev polynomials of third and forth kind, we can define Brahmagupta 
polynomials of third and forth kind respectively as follows: 


Yn+1(2, Y;t) 3 Yn(x, y3t) 


vn (23.y3..) = 
Wik ) ; 
2 st 
Wn (a, y;t) = Yn+1(X, Y3 ) +B Yn (a, Y; ) 
¥ y 
As a result, we obtain 
Vo = Wo= ah = 1, 
y 
U1 = 2x — B, w, = 244+ f, 
Uni (x, y;t) = 2x Un(z,y;t) — B Un-1(z, y5*), 
Wnt1(Z,Y3t) = 2x wn(z,y;t) — B Wa-1(z,y3t). 


Hence 
) _ JB Un-1 


ete = 98 [n(q) vB 
i) Vii (Sy 


Wn4i(2, y;t) = B? o, ( 
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If 6 = 1, we get back 


ie (sux —) =, WG Wee: 


which are the Tchebychev polynomials of third and forth kind respectively. 


The following are generating functions of T(x), Un(x), Vn(x) and W(x) ({1], [2], [4]): 


(1) T(s) =2 D> Eo 

(2) U(s) = » Un(e)s" = 
(3) V(s) = Yo Yala" = (1-5) Us) 
(4) W(s) = Yo Wala = (1 +5) Us) 


It is shown that U(s) = e7“) ((2]). One can extend the above results to 2¢n(z,y;t), 


doe) Un(a, y;t) and w,(x, y;t) including the results in [9]: 


(1) X@)=2 55 Fal ¥59 on 


. Ynt1(2, y;t) n 1 
2) Y(s) = <_< 5" = ———__|; 
eS) d, y f 1—2rs+ s?’ 


(3) V(s) = 0 on(w,y;t)s” = (1— B 8) U(s); 


(4) W(s) = > wn(a,y;t)s” = (1+ 6 8) U(s); 


n=0 


(5) ¥(s) = e* ©), 


In this way, the present paper provides two spectacular views of Tchebychev polynomials 
of all four kinds through golden ratio and Brahmagupta polynomials. 
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Abstract: In this paper, we define the semi-real quaternionic normal curves in four dimen- 
sional semi-Euclidean space £3. We obtain some characterizations of semi-real quaternionic 
normal curves in terms of their curvature functions. Moreover, we give necessary and suf- 
ficient condition for a semi-real quaternionic curve to be a semi-real quaternionic normal 
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§1. Introduction 


In mathematics, the quaternion were discovered by Irish mathematician S. W.R. Hamilton, in 
1843, which are more general form of complex number [5]. He defined a quaternion as the 
quotient of two directed lines in a three-dimensional space. Also, quaternions can be written 
as sum of a scalar and a vector. A special feature of quaternions is that the product of two 
quaternions is noncommutative. Quaternions have an important role in diverse areas such as 
kinematics and mechanics. They provide us opportunity representation for describing finite 
rotation in space. 

In [1], Serret-Frenet formulae for a quaternionic curves in E? and E4 are given by Baharathi 
and Nagaraj. After them Coken and Tuna defined Serret—Frenet formulae for a quaternionic 
curves in semi-Euclidean space E3 (([3]). 

In analogy with the Euclidean case, Serret—Frenet formulae for a quaternionic curves in 
semi-Euclidean space E% is defined in [11]. Moreover, characterization of quaternionic B-slant 
helices in Euclidean space E* given in [3] and quaternionic mannheim curves are studied in 
semi Eucliden space E* in [9]. 

In the Euclidean Space E?, normal curves defined as the curves whose position vector 
always lying in their normal plane [2]. Analogously, normal curves in other space are defined as 
the curves whose normal planes always contain a fixed point. As well, normal curves have same 


characterization with spherical curves which case has interesting corollaries for curve theory. 
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Recently, Tlarslan [6], has been studied some characterizations of spacelike normal curves in 
the Minkowski 3-space EF}. Also, Ilarslan and Nesovic [8] have been investigated spacelike and 
timelike normal curves in Minkowski space-time. 

In this paper, we define the semi-real quaternionic normal curves in four dimensional semi- 
Euclidean E}. We obtain some characterizations of semi-real quaternionic normal curves in 
terms of their curvature functions. Moreover, we give necessary and sufficient condition for a 


semi-real quaternionic curve to be a semi-real quaternionic normal curves in E4. 


§2. Preliminary 


A brief summary of the theory of semi-real quaternions in the semi-Euclidean space and normal 
curves are presented in this section. 

A pseudo-Riemannian manifold is a differentiable manifold equipped with pseudo-Riemannian 
metric which is nondegenerate, smooth, symmetric metric tensor. This metric tensor need not 
be positive definite. We denote the pseudo (semi)-Euclidean (n + 1)-space by E?*1. If v = 0, 
E”*+ semi-Euclidean spaces reduce to E"*! Euclidean space, that is, semi-Euclidean space is 
a generalization of Euclidean space. For vy = 1 and n > 1; ett is called Lorentz—Minkowski 
(n+1) space. The Lorentz manifold form the most important subclass of semi-Riemannian man- 
ifolds because of their physical application to the theory of relativity. Due to semi-Riemannian 
metric there are three different kind of curves, namely spacelike, timelike, lightlike (null) de- 
pending on the casual character of their tangent vectors, that is, the curve a is called a spacelike 
(resp. timelike and lightlike) if a’(t) is spacelike (resp. timelike and lightlike) for any t € I. 


A semi-real quaternion q is an expression of the form 


gq = ae; + beg + cez3 + d (1) 
such that 
ej X €j = —Ee@;, 1<i<3, 
ei xX ej = Ee;Ee;€ks in ER, (2) 
ei X ej = —Ee¢,Ee;€k; in 2. 


where (ijk) is an even permutation of (123) and a,b,c,d€ R. 

We can write quaternion as q = S, + Vy where S, = d and Vg = ae, + bez + ce3 denote 
scalar and vector part of g, respectively. For every p,q € Q,, the multiplication of two semi-real 
quaternions p and q is defined as 


pX q¢ = SpSqt < Vp, Va > +SpVq + SqVp + Vp A Vg, for every p,g € Qn, (3) 


where <,> and A are scalar and cross product in E}?, respectively. The conjugate of the semi- 


real quaternion q is denoted by yq and defined yq = Sy — Vy = d— ae, — bez — ce3. This helps 


to define the symmetric, non-degenerate, bilinear form h as follows. 


h:Q, x Qu > R, 
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1 
h(p, 4) = 5 [epeva (BX V4) + €a&w (9x YP)] for Ey (4) 


1 
h(p, 4) = 5 Eveya (Px 19) + eae» (4 x Yp)] for E3, 


the norm of semi-real quaternion q € Q, is 
ll? =-e? -P +240? 


q is called a semi-real spatial quaternion whenever gq x yq = 0. For p,q € Q, where if h(p,q) = 0 
then p and q are called h-orthogonal [11]. If ||q||? = 1, the q is called a semi real unit quaternion. 


Recall that the pseudosphere, the pseudohyperbolic space and the lightcone are hyper- 
quadrics in FE}, respectively defined by 


Sk(m,r) = {x € E}:h(z@—m,x—m) =1"} 
Hi(m,r) = {a € Ej h(x m,z—m) =—r*} 
C3(m,r) = {x € Ej :h(z—m,x—m) =0} 


where r > 0 is the radius and m € FE is the center of hyperquadric. 


In the Euclidean space E°, it is well-known that to each unit speed curve a: I C R->E® 
with at least four continuous derivatives has Frenet frame {t,n,b}. At each point of the curve 
which is spanned by {t,n}, {t,b} and {n,b} are known as the osculating plane, the rectifying 
plane and the normal plane, respectively. Rectifying curve is introduced by B.Y.Chen, whose 
position vector always lies its rectifying plane {t, b} ((2]). Similarly, a curve is called a osculating 
curve if its position vector always lies its osculating plane {t, n}. Ilarslan and Nesovic defined 


normal curve as 
a(s) = A(s)n(s) + p(s)d(s), 


where A and y are arbitrary differentiable functions in terms of the arc length parameter s ((7]). 


This means that normal curve’s position vector always lies its normal plane {n, b}. 
p 


Analogously, in £4 the normal curve defined by Ilarslan whose position vector always lies 
in orthogonal complement 7+ of its tangent vector field of the curve. The position vector of a 


normal curve a in E%*, satisfies the equation 
a(s) = A(s)N(s) + u(s).Bi(s) + v(s)Ba(s), 


where A, w and vy are arbitrary differentiable functions in terms of the arc length parameter s, 
respectively ((8]). 


§3. Some Characterization of Quaternionic Normal Curves in Semi Euclidean Space 


In this section, the four-dimensional Euclidean space E} is identified with the space of unit 
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semi-real quaternion. Let 
4 
A:T CR, A(s)=) r(s)ei, es =1 (5) 
i=1 


be a smooth curve ( in E$ defined over the interval J. Let the parameter s be chosen such 
4 

that the tangent T = 6’(s) = > ¥;(s)e; has unit magnitude. Let {T, N, Bi, Bo} be the Frenet 
i=l 


apparatus of the differentiable Euclidean space curve in the Euclidean space E3. Then the 
Frenet equations are 


T'(s) =enKN(s) 


N'(s) — —e.en KT(s) + EnkB,(s) (6) 
Bi(s) = —exkN(s) + €n(r — exeren K) Bo(s) 
By(s) = —e0(r — ererenK)Bi, 


where T(s) is the tangent vector of the curve 3 and K = ey ||T’(s)|| ((3]). 


It is obtained the Frenet formulae in [1] and the apparatus for the curve 3 by making use of 
the Frenet formulae for a curve y in R°. Moreover, there are relationships between curvatures 
of the curves 3 and y. These relations can be explained that the torsion of ( is the principal 
curvature of the curve y. Also, the bitorsion of 3 is (r — e,¢renK), where r is the torsion of y 
and K is the principal curvature of 3. These relations are only determined for quaternions, [1]. 


In this section, we characterize the semi-real quaternionic normal curves with the third 
curvature (r — €,eren K) #0 for each s. 


Let 3 = G(s) be a unit speed semi-real quaternionic normal curve, lying fully in Q,. Then 
its position vector satisfies 


B(s) = XA(s).N(s) + u(s)Bi(s) + v(s).Bo(s) (7) 
By taking the derivative of (7) with respect to s and using the Frenet equations (6), we obtain 


T = —een KAT +(N —e¢kp)N +(enkAt pl —en(r—eyeren K)v) By +(en(r—ereren K) tv’) Bo 


and therefore 
-eenKA=1,=1, 


N= Erk => 0, 
EnkA t+ p! — en(r — exverenK)v = 0, 
En(r —exerenK)pt+u' =0. 


From the first three equations we find 
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ELE E 1 ; 
NGS ay? BOA (za) 


\/ (9) 
_ aw wo) (A (a 
(9) = ~ GG) eerenK)) eee i (aa (za) | 


Substituting relation (9) into (7), we get that the position vector of the semi-real quaternionic 


normal curve / is given by 
ELEN EN 1 : 
t 
po) = ~ ES" — ay (mq) & 


= EEN (s), 1 1 at 
(r(s) — everewK(s)) een . (a (xa) 


Then we have the following theorem. 


By (10) 


Theorem 3.1 Let 3(s) be a unit speed semi-real quaternionic curve, lying fully in QL. Then 


3(s) is a semi-real quaternionic normal curve if and only if 


k(s) 
(r —ererenK(s)) (1 \'_ e Pen KG) 
ane CRM CC) el CORES) (is Gta) ) e 


Proof Let us first assume that 3(s) is a semi-real quaternionic normal curve. Then relations 
(8) and (9) imply that (11) holds. 


Conversely, assume that relation (11) holds. Let us consider the vector m € Q, given by 
ELEN EN 1 : 
t 
= Sr ap ee ae 
me) = 00) + aN + 35 (ay) ® 


EvEN k(s) i 1 a 
@(s) — eerenK(5)) eee . (a5 (xa) 


Differentiating (12) with respect to s and by applying (6), we get 


By. (12) 


m(s) = 


En€n(r(s) — erverenK(s)) (1 _ : 
Rs) (xa) ™ 
EvbEN A(s) 1 i A7y 

: (az — eerenK(8)) eee ig (a (xa) a 


From relation (11) it follows that m is a constant vector, which means that (@ is congruent 


to a semi-real quaternionic normal curve. 


Theorem 3.2 Let G(s) be a unit speed semi-real quaternionic curve, lying fully in Q,. If B is 


a semi-real quaternionic normal curve, then the following statements hold: 
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(i) the principal normal and the first binormal component of the position vector 3 are 


respectively given by 


h(B,N) =-—4, 
in. Tas a9) 
9.) = (a) 


(it) the first binormal and the second binormal component of the position vector B are 


respectively given by 


(9, By) = ~Sree (FY 


vt (14) 
_ ETE k(s) 1 1 
MB Be) =~ eyes [eek * (tay (ata) ) | 


Conversely, if 3(s) is a unit speed semi-real quaternionic curve, lying fully in QL, and one 
of statements (i) or (ii) holds, then 3 is a normal curve. 


Proof If 8(s) is a semi-real quaternionic normal curve, it is easy to check that relation (10) 
implies statements (7) and (?i). 

Conversely, if statement (7) holds, differentiating equation h(6,N) = Srey with respect 
to s and by applying (6), we find h(3,T) = 0 which means that ( is a semi-real quaternionic 


normal curve. If statement (iz) holds, in a similar way we conclude that ( is a semi-real 


quaternionic normal curve. 


In the next theorem, we obtain interesting geometric characterization of semi-real quater- 


nionic normal curves. 


Theorem 3.3 Let 3(s) be a unit speed semi-real quaternionic curve, lying fully in QL. Then 


GB is a semi-real quaternionic normal curve if and only if 3 lies in some hyperquadrics in Q,. 


Proof First assume that ( is a semi-real quaternionic normal curve. It follows, by straight- 
forward calculations using Theorem 3.1, we get 


Syl l Lene fee y 

2% (x) +22 (x) (E(x) ) 
/ 
ever ee oe oe tey 1 ee oe a ee] eee 

eee) ene a (+ (x) ) | (ia Sereno) veut ‘i (z (x) =o 

On the other hand, the previous equation is differential of the equation 

2 
1 L/fiy\ 1 kK f1f1\\' 

EN (x) + EnET (z (x) ) + (ote en + (+ (x) ) =r, re€R. (16) 


By using (12), it is easy to check that 


ne-ma—m=(z) +(E(R)) + Gamem bor C(e))]) 0 
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which together with (16) gives h(3—m,@—m) =r. Consequently, 3 lies in some hypersphere 
in Q,. 


Conversely, if @ lies in some hyperquadric in Q,, then 
A(8—m,B—m)=r7, reR, (18) 


where m € Q, is a constant vector. By taking the derivative of the previous equation with 


respect to s, we easily obtain h(G@ — m,T) = 0 which proves the theorem. 


Recall that arbitrary curve @ in Q, is called a W-curve (or a helix), if it has constant curva- 
ture functions ({10]). The following theorem gives the characterization of semi-real quaternionic 


W-curve in Q,, in terms of semi-real quaternionic normal curves. 


Theorem 3.4 Every unit speed semi-real quaternionic W-curve, lying fully in Qy, is to a 


semi-real quaternionic normal curve. 


Proof By assumption we have K(s) = c1, k(s) = ca, (r — exveren K)(s) = cg, where 
C1, €2,c3 € R— {0}. Since the curvature functions obviously satisfy relation (11), according to 


Theorem 3.1, @ is a semi-real quaternionic normal curve. 


Lemma 3.1 A unit speed semi-real quaternionic G(s), lying fully in Q., is a semi-real quater- 


nionic normal curve if and only if there exists a differentiable function f(s) such that 


k(s) 1 ey, 
f(s)(r(s) — everen K(s)) = eG) + (a (xa) 


(r(s) = eerenwK(s)) (_1_\’ 
k(s) (xa): 


(19) 


f'(s) = —Enés 


By using the similar methods as in [8], as well as Lemma 3.1, we obtain the following 
theorem which give the necessary and the sufficient conditions for semi-real quaternionic curves 


in Q, to be the semi-real quaternionic normal curves. 


Theorem 3.5 Let G(s) be a unit speed semi-real quaternionic curve in Q, whose Frenet formu- 
las obtained from spacelike semi-real spatial quaternionic curve with spacelike principal normal 
n. Then GB is a semi-real quaternionic normal curve if and only if there exist constants ag, 
bo € R such that 


a (aa) 7 (wo +eef Rey at}) eras 


; G +e / a sin6(s)ds) sin 6(s), (20) 


where 0(s) = forts —eerenK(s)) ds. 


Proof If 3(s) is a semi-real quaternionic normal curve, according to Lemma 3.1 there exists 
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a differentiable function f(s) such that relation (19) holds, whereby «, = —1. Let us define 
differentiable functions 6(s), a(s) and b(s) by 


6(s) = forts ST One 


1 dy 
a(s) = RS) (xa) cosh 6(s) + f(s) sinh @(s) — e 


b(s) = ) sinh 0(s) — f(s) cosh 6(s) — ey 


k(s) (x5 


By using (19), we easily find 6’(s) = (r(s) — exeren K(s)), a’(s) = 0, b'(s) = 0 and thus 


a(s) =ao, 0(s)=bo , 40,00 € R. (22) 


Multiplying the second and the third equations in (21), respectively with cosh @(s) and 
— sinh 6(s), adding the obtained equations and using (22), we conclude that relation (20) holds. 

Conversely, assume that there exist constants ao, b9 € R such that relation (20) holds. By 
taking the derivative of (20) with respect to s, we find 


k(s) 1 a Ne = (a0 +erf a cosh 0(s)ds) sinh 0(s) 
~*K(s) - (ay (xa) ) =e ene) | - (bo +erf a sinh 6(s)ds) cosh 0(s) . 


Let us define the differentiable function f(s) by 


es ae (Oe ee ae 
£9) = Gy Seren KO) aoe m (as (a) | (24) 


Next, relations (23) and (24) imply 


f(s) = (« + = / = cosh a(s\as) sinh 6(s) — G + = / - sinh a(s\as) cosh 6(s) 


/ 
By using this and (20), we obtain f’(s) = (ts) seren ES) (5) . Finally, Lemma 3.1 implies 


k(s) 


that @ is congruent to a semi-real quaternionic normal curve. 
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Abstract: A dominating set is called a global dominating set if it is a dominating set of 
a graph G and its complement G. A subset D of V(G) is called an equitable dominating 
set if for every v € V(G) — D, there exists a vertex u € D such that wv € E(G) and 
|de(u) — de(v)| < 1. An equitable dominating set D of a graph G is a global equitable 
dominating set if it is also an equitable dominating set of the complement of G. The global 
equitable domination number 75(G) of G is the minimum cardinality of a global equitable 
dominating set of G. In this paper, we investigate the global equitable domination number 


of some wheel related graphs. 


Key Words: Global dominating set, equitable dominating set, Smarandachely equitable 
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§1. Introduction 


The study of domination in graphs is one of the fastest growing areas within graph theory. An 
excellent survey on the concept of domination and its related parameters can be found in the 
book by Haynes et al. [4] while some advanced topics on domination are explored in Haynes et 
al. [5]. The concept of domination has interesting applications in the study of social networks 
which motivated Prof. E. Sampathkumar to introduce the concept of equitable domination in 
graphs. 

Secondly, let G be a graph of road network linking various locations. It is desirable to 
maintain the supply to these locations uninterruptedly by using the alternative links even if the 
original links get disturbed. Then the problem of finding the minimum number of supplying 
stations needed to accomplish this task is equivalent to find the global domination number. 
The concept of global domination was introduced by Sampathkumar [9]. 

Many domination models are introduced by combining two different domination parame- 
ters. Independent domination, global domination, equitable domination, connected domination 
are among worth to mention. Motivated through the concepts of global domination and equi- 
table domination, a new concept of global equitable domination was conceived by Basavanagoud 
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and Teli [2] and formalized by Vaidya and Pandit [14]. In the present paper, we obtain the 
global equitable domination number of some wheel related graphs. 

Throughout the paper, a graph G = (V(G), E(G)) we mean a finite and undirected graph 
without loops and multiple edges. The set D C V(G) of vertices in a graph G is called a 
dominating set if every vertex v € V(G) is either an element of D or is adjacent to an element 
of D. The minimum cardinality of a dominating set of G is called the domination number of 
G which is denoted by 7(G). 

The complement G of G is the graph with vertex set V(G) in which two vertices are 
adjacent in G if they are not adjacent in G. 

For a vertex v € V(G), the open neighborhood of v, denoted by N(v), is {u€ V(G) : uv € 
E(G)}. We denote the degree of a vertex v in G by dg(v). A vertex of degree one is called a 
pendant vertex and a vertex which is not the end of any edge is called an isolated vertex. An 
edge e of a graph G is said to be incident with the vertex v if v is an end vertex of e. An edge 
incident with a pendant vertex is called a pendant edge. 

A set D C V(G) is called a global dominating set of G if D is a dominating set of both G 
and G. The global domination number 7,(G) is the minimum cardinality of a global dominating 
set in G. Many researchers have explored this concept. For example, Gangadharappa and Desai 
[3] have discussed the global domination in graphs of small diameters. Vaidya and Pandit [12, 
13] have investigated the global domination number of the larger graphs obtained by some 
graph operations on a given graph while Kulli and Janakiram [6] have introduced the concept 
of total global dominating sets. 

A subset D of V(G) is called an equitable dominating set if for every v € V(G) — D, there 
exists a vertex u € D such that wv € E(G) and |dg(u)—de(v)| < 1, otherwise, a Smarandachely 
equitable dominating set, i.e., |de(u) — dg(v)| > 2 for each edge uv € E(G) with u € D and 
v € V(G)—D. The minimum cardinality of such a dominating set is called the equitable dom- 
ination number of G which is denoted by y°(G). Swaminathan and Dharmalingam [11] have 
studied the equitable domination in graphs and characterized the minimal equitable dominating 
sets. Sivakumar et al. [10] have discussed the connected equitable domination in graphs while 
Murugan and Emmanuel [7] have identified the inter relationship among domination, equitable 
domination and independent domination in graphs. Revathi and Harinarayanan [8] have stud- 
ied the equitable domination in fuzzy graphs while Basavanagoud et al. [1] have studied the 
equitable total domination in graphs. 

A vertex vu € V(G) is equitably adjacent with a vertex u € V(G) if |dg(u) — de(v)| < 1 
and uv € E(G). A vertex u € V(G) is called an equitable isolate if |dg(u) — dg(v)| > 2 for 
all v € N(u) . Analogous to the characteristic of an isolated vertex in a dominating set, an 
equitable isolate must belong to any equitable dominating set of G. Clearly, the isolated vertices 
are the equitable isolates. Hence, I, C I. C D for every equitable dominating set D where I, 
and I, denote the sets of all isolated vertices and all equitable isolates of G respectively. 

A subset D of V(G) is called a global equitable dominating set of G if D is an equitable 
dominating set of both G and G. The minimum cardinality of a global equitable dominating 
set of G is called the global equitable domination number of G and it is denoted by 77(G). 


Since at least two vertices are required to equitably dominate both G and G, we have 
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2 < 94(G) < n for every graph of order n > 1. Both of these bounds are sharp. In particular, 
the equality of the lower bound is attained by P, (2 <n < 6) and K,., (|r — s| < 1) while the 
upper bound is achieved by K,,, K1,) and K;,,s (|r — s| > 2). 

The wheel W,, is defined to be the join C,_; + K, where n > 4. The vertex corresponding 
to K, is known as the apex vertex and the vertices corresponding to cycle C;,-; are known as 
the rim vertices. For any real number n, [n] denotes the smallest integer not less than n and 
|n| denotes the greatest integer not greater than n. 

For notations and graph theoretic terminology not defined herein, we refer the readers to 
West [15] while the terms related to the concept of domination are used in the sense of Haynes 
et al. [A]. 


§2. Main Results 


Definition 2.1 The helm H,, is the graph obtained from a wheel W,, by attaching a pendant 
edge to each of its rim vertices. 


Proposition 2.2 ((2]) 
(i) For the path P, (n > 4), VP = [FI ; 


eo 
a 
3 
lI 
w 
on 


(it) For the cycle Cp, Vg (Cn) = | 


7 ifn=4 
Theorem 2.3 For the helm, y¢(Hn) = n+2 ifn=5,6 


je] otherwise. 


Proof Let v1, v2,--+ ,Un—1 be the rim vertices of wheel W,, and let c denotes the apex vertex 
of the helm H,,. Let ui, u2,...,Un—1 be the pendant vertices of H,,. Then, |V(H,,)| = 2n— 1 
and |E(H,,)| = 3(n — 1). 


Case l. n=4 


For n = 4, the pendant vertices of H,, are equitable isolates in H, while the remaining 
vertices of H, are equitable isolates in H,,. Hence, the vertex set of H, is the only global 
equitable dominating set of H,, implying that y§(Hn) = |V(Hn)| = 7. 


Case 2. n=5,6 


Since the n — 1 pendant vertices of H, are equitable isolates in H, and the apex vertex c 
is an equitable isolate in H,,, it follows that every global equitable dominating set of H,, must 
contain these vertices. Now, these vertices equitably dominate all the vertices of H, but do not 
equitably dominate all the vertices of H,,. Moreover, any two adjacent rim vertices of W,, can 
equitably dominate the remaining vertices of H,,. Hence, every global equitable dominating set 
of H, must contain at least n + 2 vertices of H,. Therefore, Yq( Hn) =n+2. 


Case 3. n>7 
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In this case, the apex vertex is an equitable isolate in H,, as well as in H, while the n — 1 
pendant vertices of H,, are equitable isolates in H,, only. Therefore, these vertices must belong 
to every global equitable dominating set of H,,. Now, the remaining vertices induce a cycle Cp_1 
and by Proposition 2.2, 76(Cn_1) = [3+]. Therefore, 76(Hn) =n-—1+1+ [3] = [=]. 

Thus, we have proved that 


7 ifn=4 
Yq( Hn) = n+2 ifn=5,6 


(| otherwise. 


Definition 2.4 The flower graph Fl, is the graph obtained from the helm H,, by joining each 
pendant vertex to the apex vertex of the helm Hy. 


Theorem 2.5 For the flower graph, 


n+3 ifn=4,6 
ie (Fly) = = , 
je] otherwise. 

Proof Let v1, v2,-++ ,Un—1 be the rim vertices of wheel W,, and let uj, ug,--- ,Upn—1 be the 
pendant vertices of the helm H,,. Let c denotes the apex vertex of Fl,. Then |V(Fl,)| = 2n—1. 
Here, dg(u;) = 4, dg(us) = 2 for 1 < i < n—1 and de(c) = 2(n — 1) where G = Fly. 

Now, the vertex c is an equitable isolate in G as well as in G. Therefore, every global 
equitable dominating set of G must contain c. Moreover, the vertices ui, u2,...,Un—1 being the 
equitable isolates in G, must belong to every global equitable dominating set of G. Now, the 


remaining vertices v1, v2,...,Un—1 in G induce a cycle C,_; and by Proposition 2.2, 
3 if n = 3,5 
oes mae 
[| otherwise. 
Hence, 
¥q(Fln) = ¥g(Cn-1) + (n-1) +1 
= Yq (Cn—1) rn 

n+3 ifn = 4,6 

[254+] +n otherwise. 
Thus, 


n+3 ifn=4,6 


g(Fln) = 
: je) otherwise. 
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Definition 2.6 The sunflower graph Sfp, is the resultant graph obtained from the flower graph 
by attaching (n — 1) pendant edges to the apex vertex of wheel W,,. 


Theorem 2.7 For the sunflower graph, ¥4(S fn) = 3n — 2. 


Proof Let c denotes the apex vertex of wheel W,, and let v1, v2,--- ,Un—1 be the rim 
vertices of W,,. Let ui, u2,--+ ,Un—1 be the vertices of degree 2 in Sf, and let 21, 22,...,%n—1 
be the pendant vertices of Sf,. Then, |V(Sfp)| = 3n — 2. 


Now, cis the equitable isolate in both Sf, and Sf;,. Moreover, the vertices u1, u2,-+* ,Un—1; 
%1,%2,°** ,Ln-1 are equitable isolates in Sf, while the vertices v1, v2,--- ,Un—1 are equitable 
isolates in Sf,,. Since an equitable isolate must belong to every equitable dominating set, it fol- 
lows that the vertex set V(Sf,,) is the only global equitable dominating set of Sf,,. Therefore, 
7g (S fn) = |V(Sfn)| = 38n — 2. 


Definition 2.8 The closed helm CH), is the graph obtained from a helm by joining each pendant 


vertex to form a cycle. 


Theorem 2.9 For the closed helm CH, (n > 5), 


nt2| ifn=1(mod4 
[242] if n=0, 2 or 3 (mod 4). 


Proof Let v1,v2,-++ ,Upn—1 be the vertices of degree 4 and let uj, u2,--- ,Un—1 be the 
vertices of degree 3 in G = C'H,,. Let c denotes the apex vertex of CH,,. Then the closed 
helm CH,, has 2n — 1 vertices. The vertex c is an equitable isolate in C'H,, and the remaining 
vertices which are adjacent in CH, are also equitably adjacent in CH,. The vertex c being 
an equitable isolate, must belong to every global equitable dominating set of C'H;,. Hence, we 
construct a vertex set D C V(CH,,) as follows: 


D = {e, vai41, Uaj+3}, 


where 0 <i< || andQ<j< [4 with 


|"#?| if n= 1(mod 4) 
[2] if n=0, 2 or3 (mod 4). 


2 


P= 


Now, de@(vaiti) = 4, da(uaj+3) = 3 and dg(uaj+3) — dg(vaj4i) = 1. Then for every 
v € V(G) — D, there exists a vertex u € D such that uv € E(G) and |dg(u) — de(v)| < 1. 
Moreover, for every v’ € V(G) — D there exists a vertex u’ € D such that u'v’ € E(G) and 
\da(u’) — da(v’)| < 1. Hence, the set D is an equitable dominating set of G as well as of G. 
Therefore, D is a global equitable dominating set of G. Moreover, from the adjacency nature 


of the vertices of G, one can observe that the set D is of minimum cardinality. 


Thus, the set D is a global equitable dominating set of G = CH, (n > 5) with minimum 
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cardinality implying that 


nt+2) if n=1(mod4 
[242] if n=0, 2 or 3 (mod 4). 


Remark 2.10 For n = 4,5, at least two vertices are required to equitably dominate all the 
vertices of CH, as well as of CH,. Therefore, 1q(CHAn) = 2 forn=4,5. 


Definition 2.11 A web graph is the graph obtained by joining the pendant vertices of a helm 
to form a cycle and then adding a single pendant edge to each vertex of this outer cycle. We 
denote the web graph by Wbry. 


Theorem 2.12 For the web graph Wb, (n > 6), 


3n : _ 
P =) if n=1(mod4) 
15(W bn) = : | 
[3] if n=0, 2 or 3 (mod 4). 
Proof Let c denotes the apex vertex of web graph Wb,,. Let v1, v2,-+-++ ,Un—1 and uy, U2,°+* ,Un—1 
be the vertices of inner cycle and outer cycle of Wb, respectively. Let 71, 2%2,--- ,%p,—1 denote 


the pendant vertices of Wb,,. 

Since the apex vertex c and the n — 1 pendant vertices are the equitable isolates in Wb, 
as well as in Wb, for n > 6, it follows that these vertices must belong to every global equitable 
dominating set of Wb,. Moreover, the vertices except the pendant vertices induce the closed 
helm C'H,, and by Theorem 2.9, we have 


nt?) if n=1(mod 4) 
[24+] if n=0, 2 or3 (mod 4). 


2 


| 


Vq(CHn) - 


3 


Hence, 


¥g(Wbn) = ¥G(C-Hn) + (n — 1) 


[2S | +(n—1) if n=1(mod 4) 
[242] +(n-1) if n=0, 2 or3 (mod 4). 


Thus, for n > 6, 
|| if n= 1(mod 4) 


2. 
1) 


¥5(Wbn) — 
, [22] if n= 0, 2 or3 (mod 4). 


Remark 2.13 (2) For n = 4,5, the n — 1 pendant vertices are the equitable isolates in Wb,, 
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as well as in Wb, and the remaining vertices induce the closed helm C'H,,. Thus, 1q(Wbn) = 
7g(CHn) + (n — 1) implying that 7f(Wb.) = 5 and 7§(Wbs) = 6. 

(ii) For n = 6, the apex vertex is not an equitable isolate in Whe as well as in Whe while 
the pendant vertices are the equitable isolates in both Wbg and Wb. Hence, q(Wbe) = 8. 


Definition 2.14 A gear graph G,, is obtained from the wheel W,, by adding a vertex between 
every pair of adjacent vertices of the (n—1) - cycle of Wn. 


Theorem 2.15 For the gear graph, 


[2] ifn=4,5 


e Gn = 
vat ) [ 2et2) otherwise. 


Proof Let c denotes the apex vertex of wheel W,, and let v1, v2,--- ,Un—1 be the rim 
vertices of W,,. To obtain the gear graph G,, subdivide each rim edge of wheel by the vertices 
U1, U2,°** ,Un—1 Where each u; is added between v; and vj+1 for i = 1,2,---,2—2 and up_ is 
added between v; and v,_1. Then |V(G,,)| = 2n — 1 and |E(G,,)| = 3(n — 1). The graph G, 
contains the outer cycle Cg(n_1). 

For n = 4,5, the sets D = {v1, us} and D = {c,v1,v3} are clearly the global equitable 
dominating sets of G4 and G5 respectively with minimum cardinality. Therefore, y9(Gn) = [3 
for n = 4,5. 

For n > 5, since the vertex c is the equitable isolate in G,, as well as in G,,, it must belong 
to every global equitable dominating set of G,,. Moreover, the vertices other than c induce a 
cycle C2(n—1). Furthermore, V(Gn) = V(C2n—1)) U{c} and by Proposition 2.2, ¥f(Cn) = | #| 
for n > 5. This implies that (Gn) = 7g(Cam—1)) +1 = 29] +1l= j=}. Hence, we 
have proved that 
2] ifn =4,6 


j=] otherwise. 


V9 (Gn) aE 


Definition 2.16 The splitting graph S'(G) of a graph G is obtained by adding a new vertex v' 
corresponding to each vertex v of G such that N(v) = N(v’). 


Theorem 2.17 For the splitting graph of wheel W,, (n > 7), 


oie a!) Cae eee 


| 3 | if n= 1 (mod3). 


Proof Let v1,v2,--+,Un—1 be the rim vertices of wheel W,, and let c denotes the apex 
vertex of W,. Let c’,v},v9,--+,U},_1 be the added vertices corresponding to the vertices 
C, U1, V2,°** ,Un—1 of W,, to obtain G = S’(W,,). Then |V(G)| = 2n. 

For n = 8, the vertices c and c’ are equitable isolates in G and c, v,, v,--+ , vt are equitable 


isolates in G. For n > 8, the vertices c and c’ are equitable isolates in both G and G while 
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the vertices v},v5,-++ ,v;,_1 are equitable isolates in G. Since an equitable isolate must belong 


to every equitable dominating set of G, the vertices c,c’,v},U,:++ ,v),_1 being equitable iso- 


lates, must belong to every global equitable dominating set of G. Now, the remaining vertices 
U1,V2,°°* ,Un—1 Of G induce a cycle C,_; and by Proposition 2.2, g(Cn) = [| for n > 5. 
This implies that y9(G) = 79(Cn-1) +n +1= [44+] 4+n+1. Thus, for n > 7, 


¢(S!(Wn)) = [4448] if n =0 or2 (mod 3) 


| 3 | if n= 1 (mod 3). 


Remark 2.18 For 4 <n < 7, the apex vertex and all the duplicated vertices are the equitable 
isolates either in S’(W,,) or in S’(W,,) and by Proposition 2.2, 


s 3. ifn=3,5 
[3 | otherwise. 
Hence, 
8 ifn=4,5 
¥9(S'(Wn)) = 
10 ifn=6,7 


§3. Concluding Remarks 


The concept of global equitable domination is a variant of global domination and equitable 
domination. We obtain the exact values of global equitable domination number of the helm 
Hf, the flower graph F',,, the sunflower graph Sf,,, the closed helm C'H;,, the web graph Wb,, 
the gear graph G, and the splitting graph of wheel $’(W,,). 
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Abstract: The t-pebbling number, f:(G), of a connected graph G, is the smallest positive 
integer such that from every placement of f:(G) pebbles, t pebbles can be moved to any 
specified target vertex by a sequence of pebbling moves, each move taking two pebbles off a 
vertex and placing one on an adjacent vertex. When t = 1, we call it as the pebbling number 
of G, and we denote it by f(G). In this paper, we are going to give an alternate proof for 


the pebbling number of the graph Jom (m > 3). 
Key Words: Graph pebbling, pebbling move, Jahangir graph. 
AMS(2010): 05C99. 


§1. Introduction 


An n-dimensional cube Q,,, or n-cube for short, consists of 2” vertices labelled by (0, 1)-tuples 
of length n. Two vertices are adjacent if their labels are different in exactly one entry. Saks 
and Lagarias (see [1]) propose the following question: suppose 2” pebbles are arbitrarily placed 
on the vertices of an n-cube. Does there exist a method that allows us to make a sequence 
of moves, each move taking two pebbles off one vertex and placing one pebble on an adjacent 
vertex, in such a way that we can end up with a pebble on any desired vertex? This question 
is answered in the affirmative in [1]. 

We begin by introducing relevant terminology and background on the subject. Here, the 
term graph refers to a simple graph without loops or multiple edges. A configuration C of 
pebbles on a graph G = (V,£) can be thought of as a function C : V(G) — NU {0}. The 
value C'(v) equals the number of pebbles placed at vertex v, and the size of the configuration is 
the number |C] = )7,cv(q) C(v) of pebbles placed in total on G. Suppose C is a configuration 
of pebbles on a graph G. A pebbling move (step) consists of removing two pebbles from one 
vertex and then placing one pebble at an adjacent vertex. We say a pebble can be moved to a 
vertex vu, the target vertex, if we can apply pebbling moves repeatedly (if necessary) so that in 
the resulting configuration the vertex v has at least one pebble. 


Definition 1.1((2]) The t-pebbling number of a vertex v in a graph G, fi(v,G), is the smallest 
positive integer n such that however n pebbles are placed on the vertices of the graph, t pebbles 


can be moved to v in finite number of pebbling moves, each move taking two pebbles off one 
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vertex and placing one on an adjacent vertex. The t-pebbling number of G, fi(G), is defined to 


be the maximum of the pebbling numbers of its vertices. 


Thus the ¢t-pebbling number of a graph G, f;(G), is the least n such that, for any config- 
uration of n pebbles to the vertices of G, we can move t pebbles to any vertex by a sequence 
of moves, each move taking two pebbles off one vertex and placing one on an adjacent vertex. 
Clearly, fi(G) = f(G), the pebbling number of G. 


Fact 1.2 ([12], [13]) For any vertex v of a graph G, f(v,G) > where n = |V(G)|. 
Fact 1.3 ({12]) The pebbling number of a graph G satisfies 


f(G) = max{2%"©), |V(G)]}. 


Saks and Lagarias question then reduces to asking whether f(Q,) <n, where Q, is the 
n-cube. Chung [1] answered this question in the affirmative, by proving a stronger result. 
Theorem 1.4 ({1]) In an n-cube with a specified vertex v, the following are true: 


(1) If 2” pebbles are assigned to vertices of the n-cube, one pebble can be moved to v; 
(2) Let q be the number of vertices that are assigned an odd number of pebbles. If there are 
all together more than 2+! — q pebbles, then two pebbles can be moved to v. 


With regard to t-pebbling number of graphs, we find the following theorems. 


Theorem 1.5 ((9]) Let Ky, be the complete graph on n vertices where n > 2. Then fi(Kn) = 
2t+n— 2. 


Theorem 1.6 ([3]) Let Ky = {v}. Let Cy_1 = (ui, va2,--+ ,Un—1) be a cycle of length n —1. 
Then the t-pebbling number of the wheel graph W,, is fi(Wn) = 4t+n—4 forn> 5. 


Theorem 1.7 ([5]) ForG= K; 


$1,82,°7° Sr? 


2t+n—2, if2t<n-s1 
4t+s,—2, if 2t>n- 5, 


Theorem 1.8 ([9]) Let Ki, be an n-star wheren > 1. Then fi(Kin) = 4t+n—- 2. 


Theorem 1.9 ([9]) Let C, denote a simple cycle with n vertices, where n > 3. Then fi(Cor) = 
k+1 k+2 
t2* and f;(Cons1) = ao 4 (£—1)2*. 


Theorem 1.10 ([9]) Let Py be a path on n vertices. Then fi(Pn) = t(2"~1). 
Theorem 1.11 ({9]) Let Q, be the n-cube. Then fi(Qn) = t(2”). 


Now, we state the known pebbling results of the Jahangir graph J2,, and then we give an 
alternate proof for those results in Section 2. 
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Definition 1.12 ({11]) Jahangir graph Jnm for m > 3 is a graph onnm +1 vertices, that is, 
a graph consisting of a cycle Cym with one additional vertex which is adjacent to m vertices of 


Cnm at distance n to each other on Cym. 


A labeling for Jo, for m > 3 is defined as follows: 


Let vam+1 be the label of the center vertex and v1, v2,--+ ,UVam be the label of the vertices 
that are incident clockwise on cycle Co, so that deg(v1) = 3. 


The pebbling number of Jahangir graph Jz, (m > 3) is determined as follows: 


Theorem 1.13 ([6]) For the Jahangir graph Jo3, f(J2,3) = 8. 

Theorem 1.14 ([6]) For the Jahangir graph Jo,4, f(Jo,4) = 16. 
Theorem 1.15 ([6]) For the Jahangir graph Jo5, f(Jo,5) = 18. 
Theorem 1.16 ([6]) For the Jahangir graph Jo6, f(J2,6) = 21. 


Theorem 1.17 ([6]) For the Jahangir graph Jo,7, f(Jo,7) = 23. 


Theorem 1.18 ([7]) For the Jahangir graph Jom where m > 8, f(Jom) = 2m-+ 10. 


The t-pebbling number of Jahangir graph Jom (m > 3)is as follows: 


Theorem 1.19 ({8]) For the Jahangir graph Ja,3, fr(J2,3) = 8t. 

Theorem 1.20 ([8]) For the Jahangir graph Jo,4, fi(J2,4) = 16t. 

Theorem 1.21 ([8]) For the Jahangir graph Jo5, fi(J2,5) = 16t + 2. 

Theorem 1.22 ({8]) For the Jahangir graph Jom, fi(J2.m) = 16(t—1)+ f(Jo,m) where m > 6. 


Notation 1.23 Let p(v) denote the number of pebbles on the vertex v and p(A) denote the num- 
ber of pebbles on the vertices of the set A C V(G). We define the sets S$; = {v1, v3,--+ ,Vam—1} 
and S2 = {v2,v4,°-: ,Vam} from the labelling of Jom. 


Remark 1.24 Consider a graph G with n vertices and f(G) pebbles on it and we choose a 
target vertex v from G. If p(v) = 1 or p(u) > 2 where uv € E(G), then we can move one pebble 
to v easily. So, we always assume that p(v) = 0 and p(u) < 1 for all uv € E(G) when v is the 


target vertex. 


§2. Alternate Proof for the Pebbling Number of J2,,, 


Theorem 2.1 For the Jahangir graph Jz3, f(J2,3) = 8. 


Proof Put seven pebbles at v4. Clearly we cannot move a pebble to vj, since d(v4, v1) = 3. 
Thus f(J2,3) > 8. 
We have three cases to prove f(J2,3) < 8. 
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Case 1. Let v7 be the target vertex. 


Clearly, p(v7) = 0 and p(u;) < 1 for all v; € S, by Remark 1.24. Since, p(S2) > 5, there 
exists a vertex, say v2, such that p(v2) > 2. If p(vi) = 1 or p(vs3) = 1 then we can move one 
pebble to v7 easily. Also, we can move one pebble to v7, if p(ve) > 4. Assume that p(vi) = 0, 
p(v3) = 0 and p(ve) = 2 or 3. Thus either p(v4) > 2 or p(ve) > 2 and hence we can move one 
pebble to v7 through v3 or v}. 


Case 2. Let v; be the target vertex. 


Clearly, p(v1) = 0, p(ve) < 1, p(ve) < 1 and p(v7) < 1, by Remark ??. If p(v3) > 4 or 
p(vs) > 4 or p(v3) > 2 and p(vs) > 2 then we can move one pebble to v; through v7. Without 
loss of generality, let p(v3) > 2 and so p(vs) < 1. If p(v2) = 1 or p(v7) = 1 then also we can 
move one pebble to v;. So, we assume p(v2) = p(v7) = 0. Clearly, p(v4) > 3. If p(v3) = 3 then 
we move one pebble to v3 from v4 and hence we are done. Let p(v3) = 2 and thus we move 
two pebbles to vs from v4 and hence we are done. Assume p(v3) < 1. In a similar way, we may 
assume that p(vs) < 1 and hence p(v4) > 3. Let p(v2) = 1. If p(v3) = 1 then clearly we can 
move one pebble to v1. If p(v3) = 0 then p(v4) > 4 and hence we can move one pebble to v2 
and so one pebble is moved to v;. Assume p(v2) = 0. In a similar way, we may assume that 
p(ve) = 0 and hence p(v4) > 5. If p(v7) = 1 then we are done easily. Let p(v7) = 0. If p(v3) = 1 
or p(vs) = 1 then we move three pebbles to v3 or vs, respectively. Thus we can move one pebble 
to v1. Assume p(v3) = p(vs) = 0. Then p(v4) = 8 and hence we can move one pebble to v1 


easily. 
Case 3. Let v2 be the target vertex. 


Clearly, p(v2) = 0, p(v1) < 1 and p(v3) < 1, by Remark 1.24. Let p(v4) > 2. If p(v4) > 4 
then clearly we are done. 

Assume p(v4) = 2 or 3 then clearly p(v3) = 0 and p(v7) < 1 (otherwise, we can move one 
pebble to v2). Since, p(vs) + p(ve) > 3, first we let p(vg) > 2. Clearly we are done if p(v;) = 0 
and p(vg) > 4. Assume p(v1) = 0 and p(vug) = 2 or 3. If p(v7) = 1 then we move one pebble to 
v7 from v4 since p(v4) > 2 and p(vs) = 1 and thus we move one pebble to v,. Then we move 
one more pebble to v; from vg and hence one pebble can be moved to vz. Assume p(v7) = 0 and 
so p(vs) > 2. If p(vs) = 3 or p(ve) = 3 then clearly we can move one pebble to v2 by moving 
one pebble to v3 or vg. Thus we assume p(v4) = 2 and p(ve) = 2 and so p(vs) = 4 and hence 
we are done. Assume p(vg) < 1 and so p(v4) = 2. Clearly, we are done if p(vs) > 4. Assume 
p(vs) = 3 and hence we move one pebble to v2 since p(v7) = p(v1) = 1. 

Assume p(v4) < 1. In a similar way, we may assume that p(ve) < 1 and so p(v7) < 1. 
Let p(v1) = 1. Clearly we are done if p(v7) = 1 or p(ve) = 1. Assume p(ve) = p(v7) = 0 and 
so p(vs) > 4. Thus we move one pebble to v; and hence we are done. Assume p(v1) = 0. 
In a similar way, we assume that p(v3) = 0. We have p(vs) > 5. Let p(vs5) = 5. Clearly, 
p(ve) = p(v7) = 1 and hence we can move one pebble to v2 through v;. Let p(vs) > 6. If 
p(v4) = 1 or p(ve) = 1 or p(v7) = 1 then we move three pebbles to v4 or vg or v7 and hence we 


are done. Assume p(v4) = p(ve) = p(v7) = 0 and so p(vs) = 8. Thus we can move one pebble 


to v2 easily. 
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Theorem 2.2 For the Jahangir graph Jo,4, f(J2,4) = 16. 


Proof Put fifteen pebbles at vg. Clearly we cannot move a pebble to v4, since d(vg, v4) = 4. 
Thus f (J2,4) > 16. 
We have three cases to prove f(J2,4) < 16. 


Case 1. Let vg be the target vertex. 


Clearly, p(v9) = 0 and p(v;) < 1 for all v; € S, by Remark ??. Since, p(S2) > 12, there 
exists a vertex, say v2, such that p(v2) > 3. If p(vi) = 1 or p(v3) = 1 then we can move one 
pebble to vo easily. Assume p(v1) = 0 and p(v3) = 0. So, we can move one pebble to vg easily, 
since p(v2) > 4. 


Case 2: Let v; be the target vertex. 


Clearly, p(v1) = 0, p(ve) < 1, p(vg) < 1 and p(v9) < 1, by Remark ??. If p(vs) > 4 or 
p(vus) > 4 or p(v7) > 4 then we can move one pebble to v; through v9. Assume p(v;) < 3 for all 
i € {3,5, 7}. Let p(vs) > 2 and if p(v9) = 1 or p(v2) = 1 or p(us) > 2 or p(v7) > 2 then we can 
move one pebble to v; through v9 easily. Assume p(v2) = 0, p(v9) = 0, p(vs) < 1 and p(v7) < 1. 
Clearly, either p(v4) > 4 or p(ve) > 4 and hence we can move one pebble to v; through v9. 

Assume p(v3) < 1. In a similar way, we may assume that p(vs) < 1 and p(v7) < 1 and 
hence either p(v4) > 5 or p(vg) > 5. Without loss of generality, let p(vs) > 5. If p(v2) = 1 or 
p(v9) = 1 then we move one pebble to v2 or v9 from v4 and hence we can move one pebble to v1. 
Assume p(v2) = 0 and p(v9) = 0 then clearly p(v4) > 6. If p(v3) = 1 or p(vs) = 1 or p(ve) > 2 
then we can move one pebble to v; easily by moving three pebbles to v3 or vs from v4. Let 
p(v3) = 0, p(vs) = 0 and p(ve) < 1 and hence p(v4) > 13. Thus we can move one pebble to v1 
easily. 


Case 3. Let v2 be the target vertex. 


Clearly, p(v2) = 0, p(v1) < 1 and p(v3) < 1, by Remark 1.24. Let p(v4) > 2. If p(v4) > 4 
then clearly we are done. 

Assume p(v4) = 2 or 3 then clearly p(v3) = 0 and p(v9) < 1 (otherwise, we can move one 
pebble to v2). If p(vs) > 4 or p(v7) > 4 or p(vs) > 2 and p(v7) > 2 then we can move one 
pebble to v3 and then we move one pebble to vs from v4 and hence one pebble can be moved 
to v2 from v3. Asssume p(vs) < 3 and p(v7) < 4 such that we cannot move one pebble to v9. 
So, p(vs) + p(v7) < 4. Clearly, p(vg) + p(v1) < 3 and hence p(vg) > 6. If p(vs) = 1 or p(v7) = 1 
then we move three pebbles to vs or v7 and then we can move two pebbles to v3 from vs and v4 
and hence we are done. Assume p(vs5) = 0 and p(v7) = 0. So, p(ve) = 8. We move two pebbles 
to v4 from vg and hence we can move one pebble to v2 from v4 easily. 

Assume p(v4) < 1. In a similar way, we may assume that p(vg) < 1 and so p(v9) < 1. 
Clearly, p(vs) + p(ve) + p(v7) = 11 and so we can move two pebbles to v9. If p(vi) = 1 or 
p(v3) = 1 then we move one more pebble to v; or v3 from vg and hence we are done. Assume 
p(v1) = 0 and p(v3) = 0 then we have p(vs) + p(ve) + p(v7) > 13. Let p(vs) > 4. Clearly, 
we are done if p(ve) + p(v7) > 8. Assume p(vg) + p(v7) < 7 and so p(vs) > 6. If p(v4) = 1 
or p(vg) = 1 then we move three pebbles to v4 or vg from vg and hence we are done. Let 
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p(v4) = 0 and p(v9) = 0 and hence we can move one pebble to v2 since p(vs) > 8. Assume 
p(vs) = 2 or 3 and so p(vg) + p(v7) > 8. Thus we can move one pebble to v; or v3 from the 
vertices vg and v7. Clearly, we are done if p(v1) = 1 or p(vs3) = 1. Otherwise, we can move 
one pebble to v1 or v3 if p(v4) = 1 or p(v9) = 1. Assume p(v1) = 0, p(v3) = 0, p(va) = 0 and 
p(v9) = 0 and so p(vg) + p(v7) > 12. Thus we can move four pebbles to v9 from the vertices 
Us, Ue and v7. Assume p(v5) < 1. In a similar way, we assume that p(v7) < 1. Thus we have 
p(ve) = 9. If p(vi) = 1 or p(v3) = 1 then clearly we are done. Let p(vi) = 0 and p(v3) = 0 
and so p(vg) > 11. Let p(vs) = 1. We move five pebbles to vs from vg. Clearly, we are done 
if p(v4) = 1 or p(v9) = 1. Assume p(v4) = p(v9) = 0 and so p(vg) > 13. If p(v7) = 1 then we 
move one pebble to v7 and then we move three pebbles to vs from vg and hence we are done 
since vg receives four pebbles from vs and v7. Let p(v7) = 0 and so p(vg) > 14. We move seven 
pebbles to vs from vg and hence we are done easily. Assume p(vs) = 0. In a similar way, we 
may assume that p(v7) = 0. Thus, p(ve) > 13. If p(v4) = 1 or p(vg) = 1 or p(v9) = 1 then we 


move three pebbles to v4 or vg or vg and hence we are done. Assume p(v4) = p(vg) = p(v9) = 0 


and so p(vg) = 16. Thus we can move one pebble to v2 easily. 


Theorem 2.3 For the Jahangir graph Jo5, f(J2,5) = 18. 


Proof Put fifteen pebbles at vg and one pebble each at vg and vj9. Clearly we cannot move 
a pebble to vg. Thus f(J2,5) > 18. 
To prove that f(J2,5) < 18, we have the following cases: 


Case 1. Let v1, be the target vertex. 


Clearly, p(vi1) = 0 and p(v;) < 1 for all vu; € S$; by Remark 1.24. Since, p(S2) > 13, 
there exists a vertex, say v2, such that p(v2) > 3. If p(vi1) = 1 or p(v3) = 1 then we can move 
one pebble to v1; easily. If p(vio) > 2 or p(v4) > 2 then also we can move one pebble to v1. 
Assume p(v1) = 0, p(v3) = 0, p(v4) < 1 and p(vio) < 1. Thus, we can move one pebble to v11 
easily, since p(v2) > 4. 


Case 2. Let v; be the target vertex. 


Clearly, p(vi1) = 0 and p(u;) < 1 for all 4 © {2,10,11} by Remark 1.24. Let p(v3) > 2. 
If p(v3) > 4 or a vertex of S; — {v,,v3} contains two or more pebbles then we can move one 
pebble to v1 easily through v1. So, assume p(v3) = 2 or 3 and no vertex of S;— {v1, v3} contain 
more than one pebble. Clearly, p(vg) + p(vg) > 7 and hence we can move one pebble to v1 
from vg or vg and hence we are done, since p(v3) > 2. Assume p(v3) < 1. In a similar way, 
we assume that p(vj) < 1 for all vu; € Si — {v1, v3}. Clearly, p(va) + p(ve) + p(vg) > 11. Let 
p(vs) > 4. If p(ve) > 4 or p(vg) > 4 or p(vg) > 2 and p(vg) > 2 then we can move one pebble 
to viz. Since p(v4) > 4, we can move another one pebble to v1; from v4 and hence one pebble 
can be moved to v1. Assume p(vg) < 3 and p(vg) < 3 such that we cannot move two pebbles to 
v7. Thus p(ve) + p(vg) < 4 and so p(v4) > 8 and hence we can move one pebble to v; from v4. 
Assume p(v4) < 3. Similarly, p(vg) < 3. We have p(vg) > 6. Clearly, we are done if p(vs) = 1 
or p(v7) = 1. Otherwise, p(vg) > 8 and hence we can move one pebble to v; easily. 


Case 3. Let v2 be the target vertex. 
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Clearly, p(v2) = 0, p(v1) < 1 and p(v3) < 1 by Remark 1.24. Let p(us) > 4. If p(w) = 1 
or p(vs) = 1 or p(v4) > 2 or p(v19) > 2 or p(vi1) > 2 then we can move one pebble to v2 easily. 
Assume that p(vi) = 0, p(v3) = 0, p(va) < 1, p(vio) < 1 and p(v11) < 1. Also we assume that 
p(v7) + p(v9) < 4 such that we cannot move two pebbles to v1,. Let p(v7) > 2 and so p(vg) < 1. 
If p(vi1) = 1 or p(vs) > 6 then clearly, we are done. Assume p(v11) = 0 and p(vs) = 4 or 5. 
Thus p(ve) + p(vg) > 7 and we can move one pebble to v1 from vg or vg and hence we are done. 
Assume p(v7) < 1. In a similar way, we may assume that p(v9) < 1. Let p(vs) = 6 or 7 and 
so p(ve) + p(vg) > 6. Thus we can move one pebble to v1; from vg and vg. Assume p(vs) = 4 
or 5 and so p(vg) + p(vg) > 8. If p(v7) = 1 or p(vi1) = 1 then we can move one pebble to v2 
easily through v1,. Let p(v7) = p(v11) = 0 and so p(vg) + p(vg) > 10. Clearly, we can move two 
pebbles to vy, from vg and vg and hence we are done since p(vs) > 4. Assume p(vs) < 3. Ina 
similar way, we may assume that p(v7) <3 and p(vg) < 3. 


Three vertices of S; — {v1,v3} have two or more pebbles each. 


Clearly we are done if p(v1) = 1 or p(v3) = 1 or p(vi1) = 1 or p(v4) > 2 or p(vio) = 2. 
Assume p(v1) = p(vs) = p(vi2) = 0 and p(v4) <1, p(vro) < 1. Clearly, p(vg) + plus) > 7 and 
hence we can move one pebble to v1; from vg or vg. Thus we can move one pebble to v2 using 
the pebbles at the three vertices of S; — {v1, vs}. 


Two vertices of S; — {v1,v3} have two or more pebbles each. 


Clearly, we are done if p(v1) = 1 or p(v3) = 1 or p(v4) > 2 or p(vio) > 2 or p(vi1) > 2. Let 
p(v11) = 1 and so we can move three pebbles to v1, from the two vertices of S$; — {v1, v3} and 
vg or vg. Assume p(vi1) = 0 and so p(ug) + p(vg) > 9. Thus we can move two pebbles to v11 
from the vertices vg and vg and then we move two more pebbles to v1; from the two vertices of 
S; — {v1,v3} and hence we are done. 


One vertex of S, — {v1,v3} has two or more pebbles. 


Clearly, we are done if p(vi) = 1 or p(v3) = 1 or p(v4) > 2 or p(vio) > 2 or p(vi1) > 2. 
Let p(vi1) = 1 and so p(ve) + p(vg) > 10. Thus we can move three pebbles to v1; from the 
vertex of S$ — {v1, v3} and the vertices vg and vg. Assume p(v11) = 0 and let vs is the vertex of 
Si — {v1, v3} contains more than one pebble on it. So p(ve) + p(vg) > 12. If p(v7) = 1 then we 
can move three pebbles to v1; from vg and vg and hence we are done since p(vs) > 2. Assume 
p(v7) = 0 and so we can move three pebbles to v11 from vg and vg and hence we are done. In 
a similar way, we can move one pebble to v2 if p(v9) > 2 and p(v7) > 2. 


No vertex of S, — {v1, v3} has two or more pebbles. 


Clearly, we are done if p(v,) = 1 or p(v3) = 1 or p(v4) > 2 or p(vio) > 2 or p(vi1) > 2. 
Thus we have p(ve) + p(vg) > 12. Let p(vi1) = 1. Clearly we can move three pebbles to v4, if 
p(v7) = 1. Assume p(v7) = 0 and so we can move three pebbles to v11 since p(vg) + p(vg) > 13 
and hence we are done. Assume p(v11) = 0. Without loss of generality, we let p(ve) > 7. If 
p(v4) = 1 or p(vs) = 1 or p(v7) = 1 then we can move two pebbles to v3 and hence we are done. 
Assume p(v4) = p(vs) = p(v7) = 0. Let p(vg) > 2. If p(v9) = 1 then we move one pebble to 
vy, and then we move another three pebbles to v1; from vg and vg since p(ve) + p(vg) — 2 > 14 


and hence we are done. Assume p(v9) = 0 and so p(vg) + p(vg) > 17. Clearly we can move one 
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pebble to va from ve and vg. 


Theorem 2.4 For the Jahangir graph Jo, f(J2,6) = 21. 


Proof Put fifteen pebbles at vg, three pebbles at vig and one pebble each at vg and v2. 
Then, we cannot move a pebble v2. Thus, f(J2,¢) > 21. 
To prove that f(J2,6) < 21, we have the following cases: 


Case 1. Let v13 be the target vertex. 


Clearly, p(vi3) = 0 and p(v;) < 1 for all vu; € S; by Remark 1.24. Since, p(S2) > 15, 
there exists a vertex, say v2, such that p(v2) > 3. If p(vi) = 1 or p(v3) = 1 then we can move 
one pebble to vi3 easily. If p(vi2) > 2 or p(v4) > 2 then also we can move one pebble to v3. 
Assume p(v1) = 0, p(v3) = 0, p(v4) < 1 and p(vio) < 1. Thus, we can move one pebble to v13 
easily, since p(v2) > 4. 


Case 2. Let v; be the target vertex. 


Clearly, p(v1) = 0 and p(v;) < 1 for all i € {2,12,13} by Remark 1.24. Let p(vs) > 2. If 
p(v2) = 1 or p(vi3) = 1 or a vertex of S; — {v1, v3} has more than one pebble then we can move 
one pebble to v; easily. Otherwise, there exists a vertex, say vg, of S2— {v2, vi2}, contains more 
than three pebbles and hence we are done. Assume p(v;) < 1 for all v; € $1 — {v1}. Clearly, 
Sy — {v2,vi2} > 13, and so we can move two pebbles to v;3 and hence we are done. 


Case 3. Let v2 be the target vertex. 


Clearly, p(v2) = 0, p(v1) < 1 and p(v3) < 1 by Remark 1.24. Let p(us) > 4. If p(w1) = 1 
or p(v3) = 1 or p(v4) > 2 or p(vig) > 2 or p(vi3) > 2 then we can move one pebble to v2 
easily. Assume that p(v1) = 0, p(v3) = 0, p(va) < 1, p(vi2) < 1 and p(viz3) < 1. Also we 
assume that p(v7) + p(v9) + p(vi1) < 5 such that we cannot move two pebbles to vi3. Let 
p(v7) > 2 and so p(vg) < 1 and p(vi1) < 1. If p(vig) = 1 or p(vs) > 6 then clearly, we are 
done. Assume p(v13) = 0 and p(vs) = 4 or 5. Thus p(ve) + p(vg) + p(vio) > 9 and we can 
move one pebble to vi3 from vg, vg and vig and hence we are done. Assume p(v7) < 1. In 
a similar way, we may assume that p(v9) < 1 and p(vii1) < 1. Let p(vs) = 6 or 7 and so 
p(ve) + p(vg) + p(vio) > 8. Thus we can move one pebble to vig from ve, vg and vig. Assume 
p(vs) = 4 or 5 and 60 p(vg) + p(vs) + p(o0) > 10. If plur) = 1 or p(vp) = 1 oF pltrs) = 1 
then we can move one pebble to v2 easily through v13. Let p(v7) = p(vo) = p(vi3) = 0 and so 
p(ve) + p(vg) + p(vio) > 13. Clearly, we can move two pebbles to v3 from veg, vg and vio and 
hence we are done since p(vs) > 4. Assume p(vs) < 3. In a similar way, we may assume that 
p(vi1) < 3, p(v7) < 8, and p(v9) < 3. If four vertices of S; — {v1, v3} have two or more pebbles 
each then clearly we can move four pebbles to v13 and hence one pebble can be moved to v2 


from v3. 


Three vertices of S; — {v1,v3} have two or more pebbles each. 


Clearly we are done if p(v1) = 1 or p(v3) = 1 or p(vig3) = 1 or p(vs) > 2 or p(vig) > 2. 
Assume p(v1) = p(v3) = p(vis) = 0 and p(va) < 1, p(viz) < 1. Clearly, p(ve) +p(vs)+p(v10) = 9 
and hence we can move one pebble to v13 from vg, vg and vio. Thus we can move one pebble 
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to vg using the pebbles at the three vertices of S, — {v1, v3}. 


Two vertices of S, — {v1,v3} have two or more pebbles each. 


Clearly, we are done if p(v1) = 1 or p(v3) = 1 or p(v4) > 2 or p(vig) > 2 or p(vi3) > 2. Let 
p(v13) = 1 and so we can move three pebbles to v;3 from the two vertices of S$; — {v1, v3} and 
Ue, Ug and vig. Assume p(vi3) = 0 and so p(vg) + p(vg) + p(vio) = 11. Thus we can move two 
pebbles to v3 from the vertices vg, vg and vio and then we move two more pebbles to v;3 from 


the two vertices of S; — {v,,v3} and hence we are done. 


One vertex of S, — {v1,v3} has two or more pebbles. 

Clearly, we are done if p(v1) = 1 or p(v3) = 1 or p(v4) > 2 or p(vig) > 2 or p(vi3) > 2. Let 
p(vi3) = 1 and so p(vg) + p(vg) + p(vio) > 12. Thus we can move three pebbles to v13 from 
the vertex of S — {v1, v3} and the vertices vg, vg and vip. Assume p(v13) = 0 and let vs is the 
vertex of S — {v1, v3} contains more than one pebble on it. So p(vg) + p(vg) + p(vio) > 13. If 
p(v7) = 1 or p(v9) = 1 then we can move three pebbles to v;3 from vg, vg and vio and hence we 
are done since p(vs) > 2. Assume p(v7) = p(v9) = 0 and so we can move three pebbles to v3 
from vg, vg and vig and hence we are done. In a similar way, we can move one pebble to v2 if 
P(vi1) = 2, p(v7) = 2 and p(vg) > 2. 

No vertex of S; — {v1, v3} has two or more pebbles. 

Clearly, we are done if p(v,) = 1 or p(v3) = 1 or p(v4) > 2 or p(vi2) > 2 or p(vig) > 2. 
Thus we have p(vg) + p(vs) + p(vio) > 14. Let p(vi3) = 1. Clearly we can move three pebbles 
to vi3 if p(v7) = 1 or p(v9) = 1. Assume p(v7) = p(v9) = 0 and so we can move three pebbles 


to v13 since p(vg) + p(vg) + p(v10) > 15 and hence we are done. Assume p(v13) = 0. Without 
loss of generality, we let p(vg) > 5. If p(vg) = 1 or p(vs) = 1 or p(v7) = 1 then we can move 


two pebbles to v3 and hence we are done. Assume p(v4) = p(vs) = p(v7) = 0. Let p(vg) > 2. If 


p(v9) = 1 then we move one pebble to v13 and then we move another three pebbles to v13 from 


Ue, Ug and vio since p(ve) + p(vs) + p(vio) — 2 > 16 and hence we are done. Assume p(v9) = 0 


and so p(ve) + p(vg) + p(vio) > 20. Clearly we can move one pebble to v2 from vg, vg and vio. 


Theorem 2.5 For the Jahangir graph Jo,7, f(J2,7) = 23. 


Proof Put fifteen pebbles at vg, three pebbles at vig and one pebble each at vg, vi4, V12, 
and v3. Then, we cannot move a pebble to v2. Thus, f(J2,7) > 23. 
To prove that f(J2,7) < 23, we have the following cases: 


Case 1. Let v15 be the target vertex. 


Clearly, p(vi5) = 0 and p(v;) < 1 for all vu; € S$; by Remark 1.24. Since, p(S2) > 16, 
there exists a vertex, say v2, such that p(v2) > 3. If p(vi1) = 1 or p(v3) = 1 then we can move 
one pebble to vi5 easily. If p(vi4) > 2 or p(v4) > 2 then also we can move one pebble to v45. 
Assume p(v1) = 0, p(v3) = 0, p(v4) < 1 and p(vi4) < 1. Thus, we can move one pebble to v15 
easily, since p(v2) > 4. 


Case 2. Let v; be the target vertex. 


Clearly, p(v1) = 0 and p(v;) < 1 for all i € {2,14,15} by Remark 1.24. Let p(vs) > 2. If 
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p(v2) = 1 or p(vis) = 1 or a vertex of S$; — {v1, v3} has more than one pebble then we can move 
one pebble to v1 easily. Otherwise, there exists a vertex, say ug, of S2 — {v2,vi4}, contains 
more than two pebbles and hence we are done if p(vs) = 1 or p(v7) = 1. Let p(vs) = p(v7) = 0 
and so p(vg) > 4 and hence we are done. Assume p(v;) < 1 for all vu; € $1 — {vi}. Clearly, 
p(S2 — {v2,vi4}) > 14, and so we can move two pebbles to vi5 and hence we are done. 


Case 3. Let v2 be the target vertex. 


Clearly, p(v2) = 0, p(v1) < 1 and p(v3) < 1 by Remark 1.24. Let p(us) > 4. If p(w) = 1 
or p(v3) = 1 or p(v4) > 2 or p(v14) > 2 or p(vis) > 2 then we can move one pebble to v2 easily. 
Assume that p(v1) = 0, p(v3) = 0, p(va) < 1, p(vi4) < 1 and p(vi5) < 1.Also we assume that 
p(v7) + p(v9) + p(v11) + p(vig) < 6 such that we cannot move two pebbles to v15. Let p(v7) > 2 
and so p(vg) < 1, p(vi1) < 1 and p(vig) < 1. If p(vis) = 1 or p(vs) > 6 then clearly, we are 
done. Assume p(v15) = 0 and p(vs) = 4 or 5. Thus p(vg) + p(vg) + p(vi0) + p(vi2) > 10 and we 


can move one pebble to v15 from v6, vg, Vio and viz and hence we are done. Assume p(v7) < 1. 
In a similar way, we may assume that p(v9) < 1, p(vi1) < 1 and p(v13) < 1. Let p(vs) = 6 or 7 
and so p(ve) + p(vs) + p(vio) + p(vi2) > 10. Thus we can move one pebble to v15 from v6, vs, 
vio and viz. Assume p(v5) = 4 or 5 and so p(vg) + p(vg) + p(vio) + p(vi2) > 12. If p(v7) = 1 or 
p(v9) = 1 or p(vi1) = 1 or p(vi5) = 1 then we can move one pebble to v2 easily through vj5. 
Let p(v7) = p(v9) = p(vi1) = p(vis) = 0 and so p(ve) + p(vs) + p(vi0) + p(vi2) > 15. Clearly, 
we can move two pebbles to v15 from vg, vg, Vio and viz and hence we are done since p(vs) > 4. 
Assume p(us) < 3. In a similar way, we may assume that p(vi3) < 3, p(v7) < 3, p(v9) < 3 and 
p(vi1) < 3. If four vertices of S$; — {v1,v3} have two or more pebbles each then clearly we can 


move four pebbles to v;5 and hence one pebble can be moved to v2 from vj5. 


Three vertices of S; — {v1,v3} have two or more pebbles each. 


Clearly we are done if p(v1) = 1 or p(v3) = 1 or p(vis) = 1 or p(vs) > 2 or p(vi4) > 2. 


Assume p(v1) = p(v3) = p(v15) = 0 and p(v4) < 1, p(via) < 1. Clearly, p($2—{v2, va, via}) > 10 
and hence we can move one pebble to v15 from the vertices of Sp — {v2,v4,v14}. Thus we can 


move one pebble to v2 using the pebbles at the three vertices of S, — {v1, v3}. 


Two vertices of S; — {v1,v3} have two or more pebbles each. 


Clearly, we are done if p(v1) = 1 or p(v3) = 1 or p(v4) > 2 or p(vi4) > 2 or p(vis) > 2. Let 
p(vis5) = 1 and so we can move three pebbles to v;5 from the two vertices of S; — {v1, v3} and 
the vertices of Sp — {v2, v4, via}. Assume p(v15) = 0 and so p(S2 — {v2, v4, via}) > 12. Thus we 
can move two pebbles to vis from the vertices p(S2 — {v2, v4, via4}) and then we move two more 


pebbles to vi5 from the two vertices of S; — {v1, v3} and hence we are done. 


One vertex of S, — {v1,v3} has two or more pebbles. 


Clearly, we are done if p(v1) = 1 or p(v3) = 1 or p(v4) > 2 or p(vi4) > 2 or p(vis) > 2. Let 
p(vis) = 1 and so p(S2 — {ve, v4, via}) > 13. Thus we can move three pebbles to v15 from the 
vertex of S$; — {v1,v3} and the vertices S — {v2, v4, via}. Assume p(v15) = 0 and let vs is the 
vertex of S; — {v1,v3} contains more than one pebble on it. So p(S2 — {ve, v4, via}) > 14. If 
p(v7) = 1 or p(vg) = 1 or p(vi1) = 1 then we can move three pebbles to v15 from the vertices 


of Sz — {v2, v4, via} and hence we are done since p(vs) > 2. Assume p(v7) = p(v9) = p(vi1) = 0 
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and so we can move three pebbles to v15 from the vertices of Sz — {v2, v4, v14} and hence we are 


done. In a similar way, we can move one pebble to v2 if p(u;) > 2, where v; € Si — {v1, v3, Us }. 


No vertex of S, — {v1, v3} has two or more pebbles. 


Clearly, we are done if p(v,) = 1 or p(v3) = 1 or p(v4) > 2 or p(vi4) > 2 or p(vis) > 2. 
Thus we have p(S2 — {v2, v4, via}) > 15. Let p(vis) = 1. Clearly we can move three pebbles 
to vis if p(v7) = 1 or p(vg) = 1 or p(vi1) = 1. Assume p(v7) = p(v9) = p(vi1) = 0 and so we 
can move three pebbles to v15 since p(S2 — {v2, v4, via}) > 18 and hence we are done. Assume 
p(vi5) = 0. Without loss of generality, we let p(vg) > 5. If p(v4) = 1 or p(vs) = 1 or p(v7) = 1 


then we can move two pebbles to v3 and hence we are done. Assume p(v4) = p(vs) = p(v7) = 0. 
Let p(vg) > 2. If p(vg) = 1 then we move one pebble to vj5 and then we move another three 
pebbles to vi5 from the vertices of Sp — {v2, v4, via}, since p(S2 — {v2, v4, v14}) — 2 > 17 and 
hence we are done. Assume p(vg) = 0 and so p(S2 — {v2, v4, v14}) > 20. Clearly we can move 


one pebble to v2 from the vertices of S2 — {v2, v4, vis}. 


Theorem 2.6 For the Jahangir graph Jom where m > 8, f (Jam) = 2m + 10. 


Proof If m is even, then consider the following configuration C, such that Ci(v2) = 0, 
Ci(Um42) = 15, Ci(um—2) = 3, Ci(um+6) = 3, Ci(z) = 1 where x ¢ N{vo], © ¢ Nlum+al, 
x ¢ N|vm—2], and « ¢ N[vm+6] and Cy(y) = 0 for all other vertices of Jo. If m is odd, then 
consider the following configuration C2 such that C2(v2) = 0, Co(um4i1) = 15, Co(vm_—3) = 3, 
C2(Um+5) = 3, Co(a) = 1 where x ¢ N[v2], « ¢ Niumsil, « ¢ N[vm_—sz], and « ¢ N[vm+5] 
and Ci(y) = 0 for all other vertices of Jom. Then, we cannot move a pebble to v2. The total 
number of pebbles placed in both configurations is 15 + 2(3) + (m—4)(1)+(m—8)(1) = 2m+9. 
Therefore, f(J2,m) > 2m-+ 10. 

To prove that f(Jo,m) <2m-+ 10, for m > 8, we have the following cases: 


Case 1. Let vom-+41 be the target vertex. 


Clearly, p(vam41) = 0 and p(v;) < 1 for all v; € S; by Remark 1.24. Since, p(S2) > m-+10, 
there exists a vertex, say v2, such that p(v2) > 2. If p(vi) = 1 or p(v3) = 1 then we can move 
one pebble to vam+41 easily. If p(vam) > 2 or p(v4) > 2 then also we can move one pebble to 
Vam+i- Assume p(v1) = 0, p(v3) = 0, p(v4) < 1 and p(vom) < 1. Thus, we can move one pebble 
tO Vem+1 easily, since p(v2) > 4. 


Case 2. Let v; be the target vertex. 


Clearly, p(v1) = 0 and p(v;) < 1 for all i € {2,2m,2m+1} by Remark 1.24. Let p(v3) > 2. 
If p(va) = 1 or p(vem+41) = 1 or a vertex of S$; — {v1, v3} has more than one pebble then we can 
move one pebble to v1 easily. Otherwise, there exists a vertex, say vg, of S2—{v2, vam}, contains 
more than one pebble and hence we are done if p(vs) = 1 or p(v7) = 1. Let p(vs) = p(v7) = 0 
and so p(vg) > 4 and hence we are done. Assume p(v;) < 1 for all v; € Si — {v1}. Clearly, 
p(S2 — {v2,Vam}) > m+ 8, and so we can move two pebbles to v2n+41 and hence we are done. 


Case 3: Let ve be the target vertex. 


Clearly, p(v2) = 0, p(v1) < 1 and p(v3) < 1 by Remark 1.24. Let p(vs) > 4. If p(v1) = 1 or 
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p(v3) = 1 or p(v4) > 2 or p(vam) > 2 or p(vam+41) > 2 then we can move one pebble to v2 easily. 
Assume that p(v1) = 0, p(vs3) = 0, p(va) < 1, p(vam) < 1 and p(vam4i1) < 1. Also we assume 
that p(S1— {v1, v3, vs}) <m-—1 such that we cannot move two pebbles to vamn+41. Let p(v7) > 2 
and so p(v;) < 1 for all vu; € $1 —{v1, v3, U5, v7}. If p(vem41) = 1 or p(vs) > 6 then clearly, we are 
done. Assume p(V2m+41) = 0 and p(vs) = 4 or 5. Thus p(S2— {v2, v4, Vom }) > m+4 and we can 
move one pebble to v2m+1 from the vertices of Sz—{v2, v4, V2m } and hence we are done. Assume 
p(v7) <1. Ina similar way, we may assume that p(v;) < 1 for all uv; € $1 — {v1, v3, Us, v7}. Let 
p(vus) = 6 or 7 and so p($2— {v2, v4, Vam}) > m+4. Thus we can move one pebble to vam41 from 
the vertices of Sz — {v2, v4, vam}. Assume p(vs) = 4 or 5 and so p(S2 — {v2, v4, Vam}) > m+6. 
If p(v;) = 1, a vertex v; of S; — {v1, v3, U5, V2m—1} then we can move one pebble to v2 easily 
through vom4i1. Let p(S1 — {v1, U3, U5,Vam—1}) = 0 and so p(Sp — {v2, v4, Vam}) > 2m + 2. 
Clearly, we can move two pebbles to van41 from the vertices of Sz — {v2, v4, vam} and hence we 
are done since p(vs) > 4. Assume p(vus) < 3. In a similar way, we may assume that p(v,) < 3, 
for all vu, € Si — {v1, v3, us}. If four vertices of S; — {v1, v3} have two or more pebbles each 
then clearly we can move four pebbles to vam+41 and hence one pebble can be moved to v2 from 


V2m41 
Three vertices of S; — {v1, v3} have two or more pebbles each. 


Clearly we are done if p(v1) = 1 or p(v3) = 1 or p(vam4i) = 1 or p(v4) > 2 or p(vam) = 
2. Assume p(v1) = p(vz) = P(vam+1) = 0 and p(v4) < 1, plv2m) < 1. Clearly, p($2 — 
{v2,U4,V2m}) > m-+ 4 and hence we can move one pebble to vam+41 from the vertices of 
Sq — {v2, V4, Vam}. Thus we can move one pebble to v2 using the pebbles at the three vertices 
of Sy — {v1, v3}. 


Two vertices of S; — {v1,v3} have two or more pebbles each. 


Clearly, we are done if p(v) = 1 or p(v3) = 1 or p(va) > 2 or p(vom) > 2 or p(vam+i) = 
2. Let p(vam41) = 1 and so we can move three pebbles to vamn+41 from the two vertices of 
S, — {vi,v3} and the vertices of Sy — {v2,v1,v2am}. Assume p(vam+1) = 0 and so p(Sp — 
{v2,U4,V2m}) > m+ 6. Thus we can move two pebbles to vam+41 from the vertices Sp — 
{v2, U4, V2m } and then we move two more pebbles to v2m+1 from the two vertices of $1 — {v1, v3} 


and hence we are done. 


One vertex of S, — {v1,v3} has two or more pebbles. 


Clearly, we are done if p(v,) = 1 or p(v3) = 1 or p(va) > 2 or p(vom) > 2 or p(vam+1) = 2. 
Let p(vom+41) = 1 and so p($2—{ve, va, via}) > m+7. Thus we can move three pebbles to vam+1 
from the vertex of S;— {v1, v3} and the vertices S2— {v2, U4, Vam}. Assume p(v2m41) = 0 and let 
us is the vertex of S; — {v1, v3} contains more than one pebble on it. So p(S2— {v2, v4, Vam}) > 
m+ 8. If p(vj) = 1, a vertex v; of S; — {v1, v3, U5, V2m—1} then we can move three pebbles to 
Vam+1 from the vertices of S'2 — {v2, v4, Vom} and hence we are done since p(vs) > 2. Assume 
p(S1 — {v1, v3, Us, V2m—1}) = 0 and so we can move three pebbles to vam+41 from the vertices of 
Sq — {v2, v4, V2m} and hence we are done. In a similar way, we can move one pebble to vo if 
p(u;) > 2, where v; € Si — {v1, v3, us}. 


No vertex of S; — {v1, v3} has two or more pebbles. 
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Clearly, we are done if p(v,) = 1 or p(v3) = 1 or p(v4) > 2 or p(vom) > 2 or p(vam+41) = 2. 
Thus we have p(S2 — {v2, V4, Vam}) > m+ 9. Let p(vam+1) = 1. Clearly we can move three 
pebbles to vam+41 if a vertex v; of Sy — {v1, 03, U5, V2n—1} such that p(v;) = 1. Assume p(S) — 
{v1, U3, U5, V2m—1}) = 0 and so we can move three pebbles to vam+41 since p(S2— {v2, v4, Vam}) > 
m +12 and hence we are done. Assume p(v2m+41) = 0. Without loss of generality, we let 
p(ve) = 2. If p(vs) = 1 or p(v7) = 1 then we can move two pebbles to v3 and hence we are 
done. Assume p(v5) = p(v7) = 0. Let p(vg) > 2. If p(v9) = 1 then we move one pebble to 
Vam+1 and then we move another three pebbles to v2m+41 from the vertices of Sp — {v2, v4, vam}, 
since p(S2 — {v2,V4,Vam}) — 2 > m+ 11 and hence we are done. Assume p(v9) = 0 and so 
p( Sq — {v2, V4, Vam}) > m+ 12. Clearly we can move one pebble to vg from the vertices of 


So z= {V2, V4, Vam}.- 
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Abstract: Let f be a map from V(G) to {0,1,--- ,4—1} where k is an integer, 2<k < 
|V(G)|. For each edge uv, assign the label f(u)f(v) (mod k). f is called a k-total product 
cordial labeling of G if |evs(z) — ev¢(j)| < 1, 7,7 € {0,1,--- ,& —1} where evy(x) denotes the 
total number of vertices and edges labelled with x (2 = 0,1,2,--- ,4—1). We investigate the 
4-Product cordial labeling behaviour of comb, double comb and subdivision of some corona 


graphs. 
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§1. Introduction 


Throughout this paper we have considered finite, undirected and simple graphs only. The vertex 
set and edge set of a graph G are denoted by V(G) and E(G) respectively. The graph obtained 
by subdividing each edge of a graph G by a new vertex is denoted by $(G). The corona G1 © G2 
of two graphs G,; and G2 is obtained by taking one copy of Gi(which has p; vertices) and p; 
copies of Gz and then joining the i‘” vertex of G, to every vertex in the i*” copy Gz The notion 
of k-Total Product cordial labeling of graphs was introduced in [2]. In this paper we investigate 
the 4-Total Product cordial labeling behaviour of P, © Ki, P,©2K1, S(Pn©K1), S(PrO2K1), 
S(C, © Ky) and S(C,, © 2K) Terms not defined here are used in the sense of Harary [1]. 


§2. k-Total Product Cordial Labeling 


Definition 2.1 Let f be a map from V(G) to {0,1,---,k —1} where k is an integer, 2 < 
k <|V(G)|. For each edge uv, assign the label f(u)f(v) (mod k). f is called a k-total product 
cordial labeling of G if |evs(i) — eve (7)| <1, otherwise, a Smarandachely k-total product cordial 
labeling of G if levy (i) — eve (7)| > 2 for i,7 € {0,1,--- 4-1}, where evs(x) denotes the total 
number of vertices and edges labelled with x (a = 0,1,2,---,k—1). 

A graph with k-total product cordial labeling is called k-total product cordial graph. 


1Received December 25, 2015, Accepted August 16, 2016. 
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Now we investigate the 4-Total product cordiality of P, © Ky and P, © 2K. 


Theorem 2.2 P,, © Ky is 4-total product cordial. 


Proof Let uyu2:::u, be the path P, and let v; be the pendant vertices adjacent to 
uj (l<i<n). 


Case 1. 7 is even. 


Define f : V(Pn © Ki) — {0,1, 2,3} by f(u1) = 0, 


f (ui) = 2, 2<1< 33 
f(Ua324;) = 3, 1<i<# 
f (vi) = 2 1<i<$ 
f(v2+4i) = 3, 1<i< §. 


Clearly evs (0) = ev¢(2) = eve (3) = n and evs(1) =n—1. Hence f is a 4-total product 
cordial labeling. 


Case 2. 7n is odd. 


Define f : V(P, © K1) > {0,1, 2,3} by f(ui) = f(ue) =0 


f (ui) = 2) 3a75 35 
f (U2 4,) = 3, 1<i< 3 
f (vi) = 2, tai< = 
{Umi = 3, Lape =. 


2 


Table 1 


Table 1 establish that f is a 4-total product cordial labeling. 


Theorem 2.3 P, © 2K is 4-total product cordial. 


Proof Let ujuzg...Un be the path P, and let v; and w; be the pendant vertices adjacent 
tou; (l<i<n). 


Case 1. 7 is even. 
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Define f : V(Py, © 2K) — {0,1, 2,3} by f(ui) = 0, 


f (ui) = 2, 2<i< 
f(ua52 44) = 3 1lsi< nee 
f (vi) = 2, 1<i<¢ 
f(va4i) = 3 1lsi< ot 
f(wi) = 2, 1<i<¢ 
f(wa+i) = 3, 1<i<h. 
Clearly evs(0) = eve (2) = evs (3) = % and evs(1) = 34 — 1. Hence f is a 4-total product 


cordial labeling. 


Case 2. 7 is odd. 


Values of 7 
3n—1 
2 
3n-1 
3n—1 
3n+l 
ae 


Table 2 


Table 2 shows that f is a 4-total product cordial labeling. 
Now we look in to the subdivision graphs. 
Theorem 2.4 S(P,, © Kj) is 4-total product cordial. 


Proof Let V(S(Pn©K1)) = {ui, vi, wi, 2 21 <i<n, 1<j <n—1} and E(S(P,0K))) = 
{UiVi, VIWi, WiZ;, Upp i l<i<n, l1<j<n-1}. 


Case 1. n=0(mod 4). 
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Let n = 4t. Define f(u1) = 0, 


f(ui) = 2, 2<i< 
fssz4;) = 3, 1Sis§ 
f(vi) = 2 1<i<¢ 
F(vgti) = 3, 1<i< 3 
f(wi) = 2 1<i< 
f(w2+4i) Sy. Lets 
f(%) 2, 1<j< 3 
F(acay,) = 3, 15553 


Clearly evs(0) = eve(1) = evs (2) = 4t — 1 and evys(3) = 4t. Hence f is a 4-total product 
cordial labeling. 


Case 2. n= 1(mod 4). 


Let n = 4t+1. Assign the label to the vertices uj, uj, wi, 2; 1<i<n-1,1<j<n-1 
as in case 1. Then label 3,3,2,0 to the vertices z,, Un, Un, Wn respectively. Here ev;s(0) = 
evp(1) = eve (2) = 4t + 1 and evy(3) = 4t+ 2. Hence f is a 4-total product cordial labeling. 


Case 3. n= 2(mod 4). 


Let n = 4t+ 2. Assign the label to the vertices uj, uj, wi, 2; 1<i<n-1,1<j<n-1 
as in case 2. Then label 3,3,2,0 to the vertices zn, Un, Un, Wn respectively. Here ev;s(0) = 
eve(1) = eve (2) = 4t + 3 and evy(3) = 4t+ 4. Hence f is a 4-total product cordial labeling. 


Case 4. n= 3(mod 4). 


Let n = 4t +3. Assign the label to the vertices uj,uj, wi, 2; 1<ic<n—-1,1<j<n-1 
as in case 3. Then label 3,3,2,0 to the vertices z,, Un, Un, Wn respectively. Here ev;s(0) = 
eve(1) = eve (2) = 4¢ + 5 and evy(3) = 4t+ 6. Hence f is a 4-total product cordial labeling. 


Theorem 2.5 S(P, © 2K1) is 4-total product cordial. 


Proof Let V(S(P, © 2K))) = {ui vi,wi,aj,bi,q:1<i<n, 1< 7 < n—1} and 
E(S(Py © 2K1)) _ {Ui Uids, Uici, DIVi, CEWi, AjUj 41 :l<i<n, 1l<g<n- 1}. 


Case 1. n=0(mod 4). 


Let n = 4t and let f(u1) = 0, 


f (ui) = 2, 2are 
flun2,,) = 3, 1si<§ 
f(vi) = 2, 1<i<3 
f(vgsi) = 3 1<i< > 
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f(wi) = 2, 1<i<¢ 
f(w24i) = 3 1<i<$} 
f(a;) = 2, 1<j<33 
f@ayi) = 1 

ee ee 
f (di) = 2, 1<i<§ 
f(bz+i) = 3, 1<7%<F 
f(ci) = 2, 1<i<# 
f(c2+i) = 3, 1<i<. 


Clearly evs (0) = evp(1) = eve (2) = 4t+7 and evs (3) = 4t+ 8. Hence f is a 4-total product 
cordial labeling. 


Case 2. n=1(mod 4). 

Let n = 4t+1 and assign the label to the vertices uj, vj, wi,aj,b4,q, 1<icn-l,l<j< 
nm — 2 as in case 1. Then label 3,3,2,2,1,0 to the vertices ay, Un, bn, Un, Cn; Wn respectively. 
Here ev,(0) = ev¢(1) = eve (2) = 4¢ + 10 and evs(3) = 4+ 11. Hence f is a 4-total product 
cordial labeling. 


Case 3. n= 2(mod 4). 


Let n = 4t+2. Assign the label to the vertices uj, ui, wi, aj, bi, 1 <i < n-2, 1 <j <n-3 
as in case 2. Then label 3, 3, 2, 2, 2, 2,3, 3, 2, 3, 0, 3 to the vertices a,_2, Un—1, bn—1, Un—1; Cn—1; Wn—1, 


Gn—1; Un; bn, Un; Cn, Wn Tespectively. Here evs(0) = eve(1) = eve (2) = 4t+ 13 and evs (3) = 
4t+ 14. Hence f is a 4-total product cordial labeling. 


Case 4. n= 3(mod 4). 


Let n = 4t+ 3. We assign the label to the vertices u;, uj, wi,a;,b1,¢, 1 < i < n- 
3, 1<j <n -—4as in case 3. Then label 3,3, 2,0, 2,2,3,3, 2,2, 2,2,3,3,3,2,3,3 to the vertices 
An—3, Un—2; bn—2, Un—2; Cn—2; Wn—2; An—2; Un—1; En—1, Un—1; Cn—1; Wn—1; Gn—1; Un; On, Un; Cn; 
Wn respectively. Here evs(0) = ev¢(1) = evs(2) = 4¢ + 22 and eve(3) = 4¢ + 23. Hence f isa 
4-total product cordial labeling. 


Theorem 2.6 S(C;, © K1) is 4-total product cordial. 


Proof Let V(S(C,O41)) = (ui, Vi, Wi, 2 2 1 <i <nband E(S(C,0OK1)) = {uizi, uiwi, Widy, 2Ui41 | 
1<i<n}. 


Case 1. n= 0,2(mod 4). 


104 M.Sivakumar 


Let n = 4t and let f(u1) = 0, 


f(ui) = f(z) = 3 l<i<n 
f(vi) = 2 Ll<i<n 
f(wi) 2 1<i<8 
f(va+i) = 0 1<2s $. 


In this case, ev (0) = evs (1) = evs(2) = eve (3) = 2n. Hence f is a 4-total product cordial 
labeling. 


Case 2. n=1(mod 4). 


Let n = 4t+ 1. We assign the label to the vertices u;, vj, wi, 21, 1 << 7<n-—1 as in case 
1. Then label 3,3,2,0 to the vertices Un, 2n,Wn,Un respectively. Hence evs(0) = evy(1) = 
ev (2) = eve (3) = 2n. Hence f is a 4-total product cordial labeling. 


Case 3. n= 3(mod 4). 


Let n = 4t+ 3 and assign the label to the vertices u;, vj, wi, 2, 1 <7 <n—1 as in case 
1. Then label 3,3,2,0 to the vertices Un, 2n,Wn,Un respectively. Hence evs(0) = evy(1) = 


ev (2) = eve¢(3) = 2n. Therefore f is a 4-total product cordial labeling. 


Theorem 2.7 S(C,, © 2K) is 4-total product cordial. 


Proof Let V(S(C, © 2K1)) = {ui, v;, wi, ai, bi, 2 1 <i < n,} and E(S(C, © 2Kk))) = 


{tigtlgy a (nbd Wn eOax hy OL tn e706, Le i) 


Case 1. n=0(mod 4) 


Define 
f(ui) = f(ai) = 3 l<i<n 
f (vi) = f(di) 2 LAr S 
f(basi) = f(vgsi) 0 1<i< 4 
f(ban4;) = f(van4,) 0 1<i< 
f (wi) = fla 2. Peres 
fleg+i:) = flwasi) O) Ts2e4 
f(csn4;) = flwsay,) = 0 1Sts 


Therefore evs(0) = eve(1) = evs(2) = eve(3) = 3n. Hence f is a 4-total product cordial 
labeling. 


Case 2. n= 1(mod 4) 


Let n = 4t+1. We assign the label to the vertices uj, vj, wi, ai,b;,¢; 1 < i < n—-—1 as 
in case 1. Then label 3,3,3,2,2,2 to the vertices un, Gn, bn, Un, Wn, Cn respectively. Hence 
eve (0) = eve (1) = eve (2) = evs (3) = 3n. Hence f is a 4-total product cordial labeling. 
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Case 3. n= 2(mod 4) 


Let n = 4t+ 2. Define 


f (ui) = f(ai) = 3 l<i<n 
f(v;) = f(h) = bee <2 
f (624i) = f(v24i) = 0 l<i< 9-2 
Ff (bn-24i) Ff (Un—244) j. Peek eS3 
f (wi) = f(c) = 2 1<i<3 
F(cg+i) f(way) = 0 1<i< 3-3 
F(Cn-34+i) = f(Wn-s4i) = 3 1<i< 9-2. 


Therefore evs(0) = eve(1) = evs(2) = eve(3) = 3n. Hence f is a 4-total product cordial 
labeling. 


Case 4. n= 3(mod 4) 


Let n = 4t+ 3 and let 


f (us) = f(a) = 3 l<i<n 
f(vi = f (bi) = 2 1<i< 3 
f(vngs) = 2 

f(we) = 0 

fn) = 3 

f(wn) = 2 

F(vngs4i) F(wags 4s) Ne 
f(vma,;) = f(wan,,) = 3 1<is™ 
f (bi) = f(c) 2 lage = 
f(b254 44) f(ceeny,) = 0 1sis*P 
f(boma4,) = f(canay,) = 3 1Sis™ 


labeling. 
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Abstract: In this paper, m-neighbourly irregular intuitionistic fuzzy graphs and m- 
neighbourly totally irregular intuitionistic fuzzy graphs are defined. Relation between m- 
neighbourly irregular intuitionistic fuzzy graph and m-neighbourly totally irregular intu- 
itionistic fuzzy graph are discussed. An m-neighbourly irregularity on intuitionistic fuzzy 


graphs whose underlying crisp graphs are cycle C,, a path Py, are studied. 
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§1. Introduction 


In 1965, Lofti A. Zadeh [20] introduced the concept of fuzzy subset of a set as method of 
representing the phenomena of uncertainty in real life situation. K.T.Attanassov [1] introduced 
the concept of intuitionistic fuzzy sets as a generalization of fuzzy sets. K.T.Atanassov added 
a new component( which determines the degree of non-membership) in the definition of fuzzy 
set. The fuzzy sets give the degree of membership of an element in a given set(and the non- 
membership degree equals one minus the degree of membership), while intuitionistic fuzzy sets 
give both a degree of membership and a degree of non-membership which are more-or-less 
independent from each other, the only requirement is that the sum of these two degrees is not 
greater than one. Intuitionistic fuzzy sets have been applied in a wide variety of fields including 
computer science, engineering, mathematics, medicine, chemistry and economics [1,2]. 

Azriel Rosenfeld introduced the concept of fuzzy graph in 1975 ([12]). It has been growing 
fast and has numerous application in various fields. Bhattacharya [5] gave some remarks on 
fuzzy graphs, and some operations on fuzzy graphs were introduced by Morderson and Peng 
[11]. Krassimir T Atanassov [2] introduced the intuitionistic fuzzy graph theory. R.Parvathi and 
M.G.Karunambigai [10] introduced intuitionistic fuzzy graphs as a special case of Atanassov’s 
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IFG and discussed some properties of regular intuitionistic fuzzy graphs [7]. M. G. Karunam- 
bigai and R. Parvathi and R. Buvaneswari introduced constant intuitionistic fuzzy graphs [8]. 

M. Akram, W. Dudek [3] introduced the regular intuitionistic fuzzy graphs. M.Akram 
and Bijan Davvaz [4] introduced the notion of strong intuitionistic fuzzy graphs and discussed 
some of their properties. R.Jahirhussain and $.Yahyu Mohammed discussed Properties on 
intuitionistic fuzzy graphs [6]. A.Nagoorgani and S.Shajitha Begum introduced the degree, 
order and size in intuitionistic fuzzy graphs [9]. 

N.R.Santhi Maheswari and C.Sekar introduced d2- degree of a vertex in fuzzy graphs 
and introduced 2-neighbourly irregular fuzzy graphs and 2-neighbourly totally irregular fuzzy 
graphs [13]. Also, they introduced d,,-degree, total d,,-degree, of a vertex in fuzzy graphs and 
introduced an m-neighbourly irregular fuzzy graphs [14, 17]. S-Ravinarayanan and N.R.Santhi 
Maheswari introduced m-neighbourly irreular bipolar fuzzy graphs [15]. 

N.R.Santhi Maheswari and C.Sekar introduced d,,- degree of a vertex in intuitionistic fuzzy 
graphs and introduced (m, (ci, c2))-regular fuzzy graphs and totally (m, (c1, c2))-regular fuzzy 
graphs [19]. These motivates us to introduce m-neighbourly irregular intuitionistic fuzzy graphs 
and totally m-neighbourly irregular intuitionistic fuzzy graphs. 


§2. Preliminaries 


We present some known definitions related to fuzzy graphs and intuitionistic fuzzy graphs for 
ready reference to go through the work presented in this paper. 


Definition 2.1({11]) A fuzzy graph G : (c,) ts a pair of functions (o,w), where o : V [0,1] 
is a fuzzy subset of a non empty set V and u:VXV —/0, 1] is a symmetric fuzzy relation on 
a such that for all u,v in V, the relation (u,v) < o(u) A a(v) is satisfied. A fuzzy graph G is 
called complete fuzzy graph if the relation pu(u,v) = a(u) Ao(v) is satisfied. 


Definition 2.2([14]) Let G: (0,4) be a fuzzy graph. The d»-degree of a vertex u in G is 
dm(u) = 7p (uv), where p™ (uv) = sup{u(uus)Au(urua)A..., W(Um—1¥) + U, U1, U2, +++, Um—1,U 
is the shortest path connecting u and v of length m}. Also, (uv) = 0, for uv not in E. 


Definition 2.3({14]) Let G: (o,) be a fuzzy graph on G* : (V,E). The total d»,-degree of a 
vertex u € V is defined as tdm(u) = S> w™ (uv) + o(u) = dm(u) + o(u). 


Definition 2.4((14]) Let G: (V,E) be a fuzzy graph on G*(V,E). Then G is said to be an 


m-neighbourly irregular fuzzy graph if every two adjacent vertices in G have distinct dm -degrees. 


Definition 2.5((14]) Let G: (V,E) be a bipolar fuzzy graph on G*(V, E). Then G is said to be 
an m-neighbourly totally irregular fuzzy graph if every two adjacent vertices in G have distinct 


total dm-degrees. 


Definition 2.6([8]) An intuitionistic fuzzy graph with underlying set V is defined to be a pair 
G = (V,E) where 


(i) V = {v1,v2,03,°++ ,Un} such that wy : V — [0,1] andy, : V — [0,1] denote the 
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degree of membership and nonmembership of the element v; € V, (i = 1,2,3,---,n) such that 
0 < wi (vi) +1 (vi) < 1; 

(it) ECV XV, where w2:VxV — [0,1] andy2:VxV — [0,1] are such that p2(vi,v;) < 
min{ ir (v;), Wr (vj)} and yo(u;, vj) < max{yi(vi), y1(v;)} and 0 < pa(ui, vj) + y2(vi, vy) <1 for 
every (u;,v;) € E, (i,7 =1,2,--- ,n). 


Definition 2.7((8]) If ui,v; © V C G, the p-strength of connectedness between two vertices v; 
and v; is defined as uS°(v;,v;) = sup{us(v;,v;) 1k =1,2,--- ,n} and y-strength of connected- 
ness between two vertices v; and v; is defined as yS°(vi, vj) = inf {78 (ui, vj) 1k = 1,2,--- ,n}. 

Ifu and v are connected by means of paths of length k then p(u, v) is defined as sup{ p2(u, v1) A 
[2 (v1, V2)A++-Apo(VR—1, 0): (U, U1, V2,°** ,UR—-1,v) € V} and 78 (u,v) is defined as inf{y2(u, v1)V 
y2(1, 2) Vi++ V Yo(Ue—-1, 0)? (U, V1, U2,°++ »Uk—-1, 0) € VP. 


Definition 2.8((8]) Let G = (V,E) be an Intuitionistic fuzzy graph on G*(V,E). Then the 
degree of a vertex v; € G is defined by d(v;) = (du, (vi), dy, (vi)), where dy, (vi) = YO pa(vi, vs) 
and dy, (vi) = >> y2(vi, vj) for vi,vj € E and p2(vj,v;) =0 and y2(vi,v;) = 0 for vi, vu; ¢ E. 


Definition 2.9((8]) Let G = (V,E) be an Intuitionistic fuzzy graph on G*(V,E). Then the 
total degree of a vertex v; € G is defined by td(v;) = (tdy, (vi), tdy,(vi)), where tdy, (vi) = 
dpi(vi) + pr(vi) and td,, (vi) = dy (vi) + 11(v)- 


Definition 2.10({19]) Let G = (V,E) be an intuitionistic fuzzy graph on G*(V,E). Then 
the dm - degree of a verter v € G is defined by dim)(v) = (dim), (v),d(m)y, (v)), where 
dom)u,(v) = ps” (u,v) and pY" (u,v) = sup{pe(u,ur) A pr(ur, ta) Ao A fe(tim—a, 2) * 
U, U1, U2,°**,Um—1U ts the shortest path connecting u and v of length m} and d(m)y,(v) = 
> ao) (u,v), where yb (u, v) = inf{y2(u, u1)Vy2(u1, U2)V* + V72(Um—1,V) 1 U, U1, U2,°°* yUm—10 
is the shortest path connecting u and v of length m}. The minimum d»-degree of G is 
bm(G) = A{(dim)ur(v), dem)y (v)) + v © V} and the maximum dm-degree of G is Am(G) = 


V{(d(m)ur (UV), dtm) (v)) sv € Vi}. 


Definition 2.11((19]) Let G: (V,E) be an intuitionistic fuzzy graph on G*(V,E). If all the 
vertices of G have same d,,- degree then G is said to be an (m, (c1,¢2))- regular intuitionistic 
fuzzy graph. 


Definition 2.12({19]) Let G = (V,E) be an intuitionistic fuzzy graph on G*(V,E). Then 
the total dm -degree of a vertex v € G is defined by tdy,)(v) = (td(m)y, (UV), td(m)y, (v)), where 
td(m)u,(V) = dim), (V) + ur (v) and td(m)y, (V) = dim)y, (v) +71(v). The minimum tdm-degree of 
G is tbm(G) = A{(td(m)y, (v), tdiy,(v)) :u © V}. The maximum tdm-degree of G is tAm(G) = 
Vitdenyua(v), tdem)y,(v)) 2 0 € Vi}. 


§3. m-Neighbourly Irregular intuitionistic Fuzzy Graphs 


Definition 3.1 let G be an intuitionistic fuzzy graph on G*(V,E). Then G is said to be an m- 


neighbourly irregular intuitionistic fuzzy graph if every two adjacent vertices in G have distinct 
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dm- degrees. 

Example 3.2 Consider an intuitionistic fuzzy graph on G* : (V, E). 
u(0.3, 0.6) 

(0.4, 0.5) (0.1, 0.5) 

y(0.5, 0.5) 


v(0.4, 0.4) 


(0.4, 0.3) (0.2, 0.3) 


(0.6,0.3) (0.3,0.2)  w(0.5,0.4) 
Figure 1 


Here, d(u) = (0.5, 1); d(v) = (0.3, 0.8); d(w) = ae 0.5); d(x) = (0.7, .5); d(y) = (0.8, 0.8); 

(2), (u) = (0.1A0.2) +(0.4A0.4) = 0.1+0.4 = 0.5; diayy, (u) = (0.5V0. 2) +(0. 4V 0.4) = (0.5)+ 

(0.4) = 0.9; dz)(u) = (0.5,0.9); dz) (v) = (0.3, 0.8); . (w) = (0.4,0.8); d2)(x) = (0.6, 0.8); 
Every pair of adjacent vertices in G have distinct degrees and distinct d2- degrees. Hence 


G is m -neighbourly irregular intuitionistic fuzzy graph for m=1,2. 


§4. m-Neighbourly Totally Irregular Intuitionistic Fuzzy Graphs 


Definition 4.1 Let G be a intuitionistic fuzzy graph on G*(V,E). Then G is said to be m- 
neighbourly totally irregular intuitionistic fuzzy graph if every two adjacent vertices in G have 


distinct total dy,- degrees. 


Example 4.2 Consider a intuitionistic fuzzy graph on G* : (V,£) in Figure 1, tdg(u) = 
(0.8, 1.5), tdo(v) = (0.7, 1.2), tde(w) = (0.9, 1.2), tdo(w) = (1.2, 1.1), tdo(y) = (0.9,1.3). Every 
Pair of adjacent vertices in G have distinct total degrees and distinct total d2- degrees. Hence 
G is m-neighbourly totally irregular intuitionistic fuzzy graph for m=1,2. 


Remark 4.3 An m-neighbourly irregular instuitionistic fuzzy graph need not be m- neighbourly 


totally irregular intuitionistic fuzzy graph. 


Example 4.4 For example consider G = (V,£) be an intuitionistic fuzzy graph such that 
G"*(V, E) is path on 6 vertices. 


u(0.5, 0.5) v(0.3,0.4)  w(0.3,0.4) 7(0.5,0.5)  y(0.3,0.4) (0.3, 0.4) 


@—_______@________@—________@___-_-# 
(0.1,0.3) (0.2, 0.4) (0.3,0.3) (0.3,0.5) (0.3, 0.4) 


Figure 2 
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Here, d(3)(u) = (0.1, 0.4); d3)(v) = (0.2, 0.5); di3)(w) = (0.3, 0.5);d’3) (x) = (0.1, 0.4);d/3)(y) = 
(0.2, 0.5);d(3)(z) = (0.3,0.5). Hence G is m- neighbourly irregular intuitionistic fuzzy graph. 
Here, tdi3)(w) = td:3) (a) = tdi3)(y) = (0.6, 0.9). Hence G is not m-neighbourly totally irregular 


intuitionistic fuzzy graph. 


Remark 4.5 An m- neighbourly totally irregular intuitionistic fuzzy graph need not be m- 


neighbourly irregular intuitionistic fuzzy graph. 


Example 4.6 Consider a intuitionistic fuzzy graph on G*(V, E). 


uy (0.4, 0.5) u2(0.3,0.4) _u3(0.4, 0.5) 
(0.2, 0.3) (0.2, 0.3) 
ua(0.3, 0.4) 
ug (0.3, 0.4) us(0.4, 0.5) 
Figure.3 


Here, da) (ur) => diz) (u2) => diz) (u3) = diz) (ua) = d(2) (us) => d(2) (ue) = (0.4, 0.6). Hence G 
is not an m- neighbourly irregular intuitionistic fuzzy graph. 

td(2) (ui) = (0.8, 1.1); td(2) (u2) = (0.7,1); td(2) (us) = (0.8, 1.1); td(2) (ua) = (0.7,1); 
td2)(us) = (0.8, 1.1); td’2) (ue) = (0.7, 1). 

Here, all adjacent vertices have distinct total d,,-degrees. Hence G is m-neighbourly totally 


irregular intuitionistic fuzzy graph. 


Theorem 4.7 If the membership values of adjacent vertices are distinct then (m, (c1,¢2))- 
regular intuitionistic fuzzy graph is anm- neighbourly totally irregular intuitionistic fuzzy graph. 


Proof Let G: (V, E) be an intuitionistic fuzzy graph on G*(V, E). If (m, (ci, c2))- regular 
intuitionistic fuzzy graph and the membership values of adjacent vertices are distinct, then d,,- 
degree of all vertices are the same => d,(v) = (ci, C2) for all v € G => total degrees of adjacent 


vertices are distinct. So G is an m-neighbourly totally irregular intuitionistic fuzzy graph. 


Theorem 4.8 Let G: (V,E) be an intuitionistic fuzzy graph on G*(V,E). If G is an m- 
neighbourly irregular intuitionistic fuzzy graph and A is a constant function then G is an m- 


neighbourly totally irregular intuitionistic fuzzy graph. 


Proof Let G be m- neighbourly irregular intuitionistic fuzzy graph. Then the d,, degree 
of every two adjacent vertices are distinct. Let u and v be two adjacent vertices of G with 
distinct degrees. Then d,,(w) = (k1,k2) and d»,(v) = (c1,c2), where ky 4 c1,k2 # cp . Assume 
that A(u) = A(v) = (71,72). Suppose tdy(u) = tdm(v) > dm(u) + A(u) = dm(v) + A(v) 
=> (ki, ko +(11,1r2) = (1,2) (11, 72) > (ki $11, ka tre = (aa +11,c@. +172) > ktm =atn 
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and kp + ro = cg +172 => ky = cq and kg = cg, which is a contradiction. So td»,(u) 4 tdn(v). 
Thus every pair of adjacent vertices have distinct total d,,degree provided A is a constant 
function. This is true for every pair of adjacent vertices in G. Hence G is an m- neighbourly 


totally irregular intuitionistic fuzzy graph. 


Theorem 4.9 Let G be an intuitionistic fuzzy graph on G*(V,E). If G is an m- neighbourly 
totally irregular intuitionistic fuzzy graph and A is constant function then G is an m- neighbourly 


irregular intuitionistic fuzzy graph. 


Proof The proof is similar to above theorem 4.8. 


Remark 4.10 The above two theorems jointly yield the following result. let G : (V, FE) bea 
intuitionistic fuzzy graph on G*(V, F). If A is constant function then G is m- neighbourly irreg- 
ular intuitionistic fuzzy graph if and only if G is m- neighbourly totally irregular intuitionistic 
fuzzy graph. 


Remark 4.11 Let G: (V,E) be an intuitionistic fuzzy graph on G*(V, E). If G is both m- 
neighbourly irregular intuitionistic fuzzy graph and m- neighbourly totally irregular intuition- 
istic fuzzy graph then A need not be a constant function. 


Theorem 4.12 Let G be intuitionistic fuzzy graph on G*(V, FE) , a cycle of length n. If the edges 
takes positive membership values c1,C2,°++ ,Cn and negative membership values ky, k2,--- , kn 
such that cy < cg < +++ < cy, and ky > kg > ++: > ky then G is m- neighbourly irregular 
intuitionistic fuzzy graph. 


Proof Let the edges take membership values cj, c2,--- ,¢n and ky, kg,--- , kp, such that 
Cy < Cg < +++ << Cy and ky > kp >--- > ky. Then, 


drys (V1) = H2(e1) A H2(e2) A+++ H2(€m) + H2(€m+1) A H2(€n—1)) A+++ A H2(en—(m-1)) 
= (ey Aco A+++ Atm) + (Cn A Cn-1 A+++ A Gn—(m-1)) 
= C1 + Cn—(m-1); 
dim), (V1) = Y2(e1) V ya(e2) V +++ V Yelm) + Y2(€n) V Ye(€n-1) V +++ V Y2(€n—(m-1)) 
= ky + ky-(m-1); 
dm (v1) = (cr + Cn—(m—1)s ky + Kee ay): 
Similarly, dm (v2) = (c1+¢2, ki +k). Fort = 3,4,--- ,n—-1, d(m)p, (vi) = Mees) Ama (er) A 
“+A p2(€i+m) + H2(ei-1) A Ho(ei-2) A+++ H2(€n—(m—s)) 
=> Um) uy (Vi) = (Ce A Cita A+++ A Citm) + (Gi-1 A Cia A+++ A Gn—(m—3)) 
=> dim), ( 
=> dim)y, (Vi) = Y2(€s) V Ya(ei41) V +++ V Ya(€itm) + Y2(ei-1) V Y2(ei-2) V +++ V Y2(€n—(m—a)) 
=> dim)y, ( 
=> dim)y, ( 


> Gaia On (Ge NCI Te th) St tga A Oe ess) 


=> dom)us (On = C1 + Cp-1 


( 

=> dm) (Un) = H2(en) A Hale) A+++ A fa(€m—1) + Halen—1) A H2(en—2) A+++ A H2(en—m) 
) 
) 
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(m)y1 (Un) = Y2(en) V Y2(€1) V +++ V Y2(€m=1) + Y2(€n=1) V Y2(€n=2) V +++ V ¥2(€n—m) 
is ins eg) Ra NR? Val BE ie a VB OV Bae 
dim) (Un) =ky+ky_-1 

=> dm(Un) = (¢1 + Cn—1, ki + kn—1)- 


Hence G is m- neighbourly irregular intuitionistic fuzzy graph. 


Remark 4.13 The above theorem 4.12 does not hold for m- neighbourly totally irregular 
intuitionistic fuzzy graph. 


Theorem 4.14 Let G be an intuitionistic fuzzy Graph on G*(V,E), a path on n vertices. 
If the edges takes positive membership values c,,C2,...,Cn and negative membership values 
ky, ko,...,kn such that c, < cg <-++ << cy, andky > kg > +--+ > kn then G is m - neighbourly 
irregular intuitionistic fuzzy graph. 


Proof Let the edges take membership values c1,c2,--- ,¢n and ky, k2,---, kp, such that 
Cy < Cg < +++ << Cy and ky > ko >--- > ky. Then, 


Am) (V1) = Ma(e1) A paler) A+++ A bo(€m) = c1 AC2 A+++ A Gm = C1. 

d(m)y, (U1) = 72(€1) V Ya(e2) V ++ V Y2(€m) = ki V ko V+ V km = fr. 

dm (v1) = (c1, k1). 

Similarly, dm(v2) = (c2, kg). For i = 3,4,--» ,n—2 dim), (Vi) = Ma(es—1) A M2(ei—2) AA 
b2(€i—m) + Hales) A Ha(eiti) A+++ A M2 (Cit (m—1) 

=> dom), (vi 

=> dim 


(vi) = G-1 A Gi-2 A+++ NGiem GA Cig Ao A Citm—1 
(vj) = Ciim + & 
=> dm) (Vi) = Y2(es-1) V Y2(ei-2) V+ V Y2(€i—m) + Y2(es) V Ya(ei41) V+ V Y2(€:4(m—1) 
(Op) 4 Ree VV Beh Vii EON Be 
(vi) 


=> dm (Ui) = (Gime FG, Ria +B) 
=> dm) py (Un—1) = H2(en—2) A H2(€n—3) A+++ A Ha(en—(m41)) 
=> dam)u, (Un 1) = Cn-2 AN Cn 3 A+++ ACy-(m41) 


Am), (Un—1) = Cn—(m+1) 

=> d(m)y: (Un—1) = Y2(en—2) V Y2(€n—3) V ++ V Y2(€n—(m-+1)) 
Sd dass: Cn a neh: VE Bigg Visa V Riges to ady Ratan 
=> dm(Un—1) = (Cn—(m41) Kn—(m41)) 

=> dm)u, (Un) = H2(en—-1) A H2(en—2) A+++ A H2(€n—m) 

Gm) (Un) = Cn—1 A Cn—2 A+++ A Cn—m 


=> dam)u, Wn) = 

=> dim)y (Un) = es 1) V y2(€n— 2) V+++V Y2(€n—m) 
=> dim)y, (Un) = kn—1 V kn—2 V «++ V nm 

=> dim)y, (Un) = kn—m 


Hence G is m - neighbourly irregular intuitionistic fuzzy graph. 
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Remark 4.15 Theorem 4.14 does not hold for m-neighbourly totally irregular intuitionistic 
fuzzy graph. 
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Abstract: A star edge coloring of a graph G is a proper edge coloring of G, such that any 
path of length 4 in G is not bicolored, denoted by v5; (G), is the smallest integer k for which 
G admits a star edge coloring with k colors. In this paper, we obtain the star edge chromatic 
number of Pm o Pr, Pmo Sn, Pmo Kin and Pm o Km,n. 


Key Words: Star edge coloring, Smarandachely subgraph edge coloring, corona product, 
path, sunlet graph, double star and complete bipartite. 
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§1. Introduction 


All graphs considered in this paper are finite and simple, i.e., undirected, loopless and without 
multiple edges. 

The corona of two graphs G, and G2 is the graph G = G o Gz formed from one copy of 
G, and |V(G;)| copies of Gz where the 7 th vertex of G1 is adjacent to every vertex in the 
j th copy of G2. 
The n—sunlet graph on 2n vertices is obtained by attaching n pendant edges to the cycle 
C, and is denoted by Sj. 

Double star Ky,7,, is a tree obtained from the star Ky, by adding a new pendant edge of 
the existing n pendant vertices. It has 2n + 1 vertices and 2n edges. 

A star edge coloring of a graph G is a proper edge coloring where at least three distinct 
colors are used on the edges of every path and cycle of length four, i.e., there is neither bichro- 
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matic path nor cycle of length four. The minimum number of colors for which G admits a star 
edge coloring is called the star edge chromatic index and it is denoted by y/,,(G). Generally, 
a Smarandachely subgraphs edge coloring of G for H, H2,--- , Hm < G is such a proper edge 
coloring on G with at least three distinct colors on edges of each subgraph H;, where 1 <i < m. 


The star edge coloring was initiated in 2008 by Liu and Deng [8], motivated by the vertex 
version (see [1, 3, 4, 6, 7, 10]). Dvorak, Mohar and Sémal [5] determined upper and lower 
bounds for complete graphs. Additional graph theory terminology used in this paper can be 
found in [2]. 


§2. Preliminaries 


Theorem 2.1([5]) The star chromatic index of the complete graph Ky, satisfies 
92V2(1+O(1)) Vlogn 
(log nt) 


In particular, for every €> 0 there exists a constant c such that x‘ (Kn) < en'*° for every 
n> 1. 


2n(1+O(n)) < Xe (Kn) <0 


They asked what is true order of magnitude of y/,, (K,,), in particular, if x), (Kn) = O (n). 
From Theorem 2.1, they also derived the following near-linear upper bound in terms of the 
maximum degree A for general graphs. 


Theorem 2.2([5]) Let G be an arbitrary graph of maximum degree A. Then 


log A ) 


/ < / Ky . Oe 
Xin (G) S Xie Knta) 0 (oo 


and therefore y',,(G) < A- 90 (1) Vlog A 


Theorem 2.3([5]) 


(a) If G is a subcubic graph, then x’, (G) < 7. 


(b) If G is a simple cubic graph, then x‘, (G) > 4, and the equality holds if and only if G 
covers the graph of the 3-cube. 


A graph G covers a graph H if there is a locally bijective graph homomorphism from G 
to H. While there exist cubic graphs with the star chromatic index equal to 6. e.g., 3.3 or 
Heawood graph, no example of a subcubic graph that would require 7 colors is known. Thus, 
Dvorak et al. proposed the following conjecture. 


Conjecture 2.4([5]) If G is a subcubic graph, then x, (G) < 6. 
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Theorem 2.5([9]) Let T be a tree with maximum degree A. Then 
3 
MeL )S 34] . 
Moreover, the bound is tight. 


Theorem 2.6([9]) Let G be an outerplaner graph with maximum degree A. Then 


V(G< 54] 412, 


Lemma 2.7((9]) Every outerplanar embedding of a light cactus graph admits a proper 4-edge 


coloring such that no bichromatic 4-path exists on the boundary of the outer face. 


Theorem 2.8([9]) Let G be an subcubic outerplaner graph. Then, 


Xet (G) < 5. 


Conjecture 2.9([9]) Let G be an outerplaner graph with maximum degree A > 3. Then 


4(G) < 54] #1. 


For graphs with maximum degree A = 2, i.e. for paths and cycles, there exist star edge 
coloring with at most 3 colors except for C5 which requires 4 colors. In case of subcubic 
outerplanar graphs the conjecture is confirmed by Theorem 2.8. 


§3. Main Results 


Theorem 3.1 For any positive integer m and n, then 


n if m=1 
Xet (Pmo Pn) =4n+1 if m=2 
n+2 if m>3 


Proof Let V (Pm) = {ui :t =1,2,---,m}andV (P,) = {vj +7 =1,2,--- ,n}. Let E (Pn) = 
{uitig1 :¢=1,2,---,m—1} and E(P,) = {vjvj41: 7 =1,2,---,n—1}. By the definition of 
corona product, 


V( Pao Pa) = V (Pa) JV (Pi), 


E(PmoPn) = E (Pm) E (Pi) L {uivig 1 <9 <n}. 
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Let o be a mapping from E (Py, o P,,) as follows: 


Case 1. For m=1, 


o (wivi,;) =t+j—2(mod n),1<j <n; 


0 (U;,5Ui,j41) =t+j (mod n),1<j<n-1; 
Case 2. For m= 2, 


For 7 = 1,2, 
0 (wits) =t+j—2(mod n+1),1<j <n; 
0 (U;,50i,j41) =t+ 7 (mod n+l1),1l<j<n-1; 


a (uju2) =n; 
Case 3 For m > 3, o (ujuig1) =n +2(mod n+3),1<i<m-1; 


For 1<i<m, 
0 (uiti,7) =i +7 —2(mod n+3),1<j <n; 
0 (U4,5¥i,j41) =t+j (mod n+1),1<j<n-1,; 


It is easy to see that o is satisfied length of path-4 are not bicolored. To prove 


n if m=1 
n+2 if m>3. 


we have 


n if m=1 
Ve (Pat Pa) 2 Cen OP) eS A (Pre Pe ntl at 22 
n+2 if m>3. 


Thus the conclusion is true. 


Theorem 3.2 For any positive integer m and n, then 


2n if m=1 
Xet(Pm°Sn)=4In+1 if m=2 
2n+2 if m>3. 


Proof Let V (Pm) = {ui:t=1,2,---,m} and V(S,) = {uj : 7 =1,2,---,n} U {un4;: 
j=1,2,---,n}. Let E(P,) = {ucwi4. :¢ = 1,2,---,m—1} and E(S,) = {ujvjq1 7 = 1,2, 
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»,n— UU {unin} U {uj0n4; 27 = 1,2,---,n}, where vp+;’s are pendent edges of v;. By 
the definition of corona product, 


V (Puen) = V (Pm) JV (Si), 
EPS.) = B(Pn) |} 2 (58) L {uivs, 1x p= nt 


Let o be a mapping from FE (P, ° S;,) as follows: 
Case 1. Form=1, 


o (uivi,;) = 7 — 1 (mod 2n),1 <j < 2n; 


0 (U4,;0i,;41) =t+ 7 (mod 2n),1<j<n-1,; 


( 

(vi, 
o(U;,;Vi.ntj) =N+it+j (mod 2n),1<j<n; 
( 


(on Uin—1Vi,n) =n+ 1; 


Case 2. For m= 2, 


f (uiu2) = 2n and using Equation (1). 
Case 3. For m > 3, 0 (ujui41) = 2n +i(mod 2n+2),1<i<m-1; 


For 1 <i<m, 

o (wivi,;) =t+7 —2(mod 2n+2),1< 7 < 2n; 

o (4,501,541) =t+j (mod 2n+2),1<j<n-1; 

o (U;,jVintj) =N+t+ 7 (mod 2n+2),1<j<n; 
( 


0 (Vin—1Uin) =n +%(mod 2n + 2); 


It is easy to see that o is satisfied length of path-4 are not bicolored. To prove 


2n if m=1 
Xot (Pmo Sn) <4 2n+1 if m=2 
2n+2 if m>3. 


we have 


Xe Pn Sn) =X (Pn O Sn) SAR e Sn) = Qn HF mH 2 
2n+2 if m>3. 


Thus the conclusion is true. 


120 Kaliraj K., Sivakami R. and Vernold Vivin J. 


Theorem 3.3 For any positive integer m and n, then 


2nt+1 if m=1 
Mae (Pm ° Kinin) = 2n +2 af m=2 
2n+3 if m>3 


Proof Let V (Pm) = {uit =1,2,---,mpband V (Kian) = {vo}Uf{vej-1 29 =1,2,---,n} 
U {v2; Sy) = 1, 2,- as nh}. Let E (Pm) = {ujui41 :4= Lede see ym — 1}, E (Kinin) = {v0V2;-1 a 
j=1,2,--- ,nbU{ve;-1v2; : 7 =1,2,--- ,n}, where vp is adjacent to v2;_1 and v2; are pendent 


vertices of v2;-1. By the definition of corona product, 


Vi (Prt Kien) = V(r) IV Raa), 
i=1 
E(Pm°Kinn) = E(Pm)\J E(Kinn) UJ {uirig 0 < 9 < 2n} 


i=l i=l 


Let o be a mapping from E (Py °o Kin.) as follows: 


Case 1. For m=1, 
0 (uivi,;) = 7 mod 2n,0 < j < 2n; 
on (U;,00%,2;-1) =274+2 (mod 2n+ 1) ph eopen: (2) 
on (v;,27-1U%,2;) =274+3 (mod 2n + 1) sl<jcn; 


Case 2. For m= 2, 


0 (uju2) = 2n+ 1; and using Equation (2). 


Case 3. For m> 3, 


o (uguig1) = 2n+2(mod 2n4+3),1<i<m-1,; 


For 1<i<m, 

o (wiv) =t+ 7 —1(mod 2n+3),0< 7 < 2n; 

oO (U;,00i,27-1) =i +27 —1(mod 2n+3),1<j<n; 
O (Uj,2j-10i,23) = t+ 2j (mod 2n+3),1<j<n; 


It is easy to see that o is satisfied length of path-4 are not bicolored. To prove 


2n+1 if m=1 
Kot (Pm ° Kin) <4 n+2 if m=2 
2n+3 if m>3. 
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we have 


2n+1 if m=1 
Xst (PR Ol aa) (hae hig 4) > A(Pm ° Kinin) = 2n+2 if m=2 


2n+3 if m>3. 


So the conclusion is true. 
Theorem 3.4 For any positive integer 1 > 3, m->3 and n> 3, then 


ae (Pio Kmn) =mt+n+2. 
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Proof Let V(P;) = {u:l<i<l} and V (Kn) = {uj :1 <7 <mspUf{u,:1<k<n}. 
Let £ (Pi) = {usi4. 21 <i<l—lsand E(Knn) = U {vjv,:1<k <n}. By the definition 


j=l 
of corona product, 


l l 


ViP OK): = VC) tog 83 San} |) fope re ken}, 
i=1 t=1 
I ; l l 
E(PioKmn) = E(P) U E (Kp, a) U {uivig 21 <7 <m} U {uiviy, : 
i=1 t=1 t=1 


Let o be a mapping from P; o Km,» as follows: 


l 
@ (Uoi-ite:) =n—1tl<i< 5}; o (teitia1) =n, 11 < 5 and 
For 1<i<l, 


a (vigvy,.) =J+k-Ll<j<m1l<k<n 


o(uvj) =n+j,1<7 <m; 


Qq 


Qq 


( 

(uivt,40) =kh,l<k<n-2; 
(uzv 

( 


’ 
i) =mtntl,; 
’ 
12 


0 (UzUig) =M+n+2. 


Clearly above color partitions are satisfied length of path-4 are not bicolored. We assume 
that x4 (Pim © Kimn) < m+n+2. We know that x44 (Pm ° Kmjn) > x' (Pm ° Km) > m+nt+2, 


since x4, (Pm © Km.n) >m+n+2. Therefore x, (Pm ° Kmn) =m+n+2. 
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Abstract: Let G be a graph with vertex set V(G) and edge set E(G). Consider the set 
A = {0,1}. A labeling f : V(G) — A induces a partial edge labeling f* : E(G) — A 
defined by f*(xy) = f(x), if and only if f(x) = f(y) for each edge zy € E(G). For 
i € A, let v¢(t) = |{u € V(G) : f(v) = 2}| and ef-(i) = |{e € E(G): fr(e) = ti}. A 
labeling f of a graph G is said to be friendly if |v¢(0) — v¢(1)| < 1. A friendly labeling is 
balanced if |e ++ (0) — er«(1)| < 1. The balance index set of the graph G, BI(G), is defined as 
{ler*(0) — er«(1)| : the vertex labeling f is friendly}. In this paper, we obtain the balance 


index set of caterpillar graphs and lobster graphs. 


Key Words: Friendly labeling, Smarandache friendly labeling, partial edge labeling and 


balance index set. 


AMS(2010): 05C78. 


§1. Introduction 


We begin with simple, finite, connected and undirected graph G=(V, £). Here the elements of 
set V and E are known as vertices and edges respectively with |V| = p and |E| = q. For all 


other terminologies and notations we follow Harary [1]. 


Definition 1.1 A path graph or linear graph is a tree with two or more vertices that contains 


only vertices of degree 2 and 1. 


Definition 1.2 A caterpillar is a tree in which all the vertices are within distance 1 of a central 


path. 


Definition 1.3 The graph Bim, is a tree obtained from a path of length k by attaching the 
stars Ky) and Kim with its pendent vertices. 


Definition 1.4 A coconut Tree CT(m,1) is the graph obtained from the path Py, by appending 


I new pendent edges at an end vertex of Pm. 


Definition 1.5 A lobster graph is a tree in which all the vertices are within distance 2 of a 


central path. 


1Received June 10, 2015, Accepted August 21, 2016. 
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Definition 1.6 A mapping f : V(G) — {0,1} is called friendly labeling of G if 
[v¢(0) — vf) <1, 
otherwise, a Smarandache friendly labeling of G, i.e., |vs(0) — v¢(1)| = 2. 


Lee, Liu and Tan [5] considered a new labeling problem of graph theory. A vertex labeling 
of G is a mapping f from V(G) into the set {0,1}. For each vertex labeling f of G, a partial 
edge labeling f* of G is defined in the following way. 

For each edge wv in G, 

Fw) =] % fF) =F0)=0 
1, if f(u) =f(v)=1 


Note that if f(u) # f(v), then the edge uv is not labeled by f*. Thus f* is a partial 
function from E(G) into the set {0,1}. Let v¢(0) and v¢(1) denote the number of vertices of G 
that are labeled by 0 and 1 under the mapping f respectively. Likewise, let e,-(0) and ey-(1) 
denote the number of edges of G that are labeled by 0 and 1 under the induced partial function 
f* respectively. 

In [3] Kim, Lee, and Ng define the balance index set of a graph G as BI(G) = {le+(0) — 
er«(1)| : f* runs over all friendly labelings f of G}. 

Example 1.7 Figure 1 shows a graph G with BI(G) = {0,1}. 


1 if 0) 0 


1 D © 0 © 


Figure 1 The friendly labelings of graph G with BI(G) = {0,1}. 


For a graph with a vertex labeling f, we denote e+«(X) to be the subset of E(G) containing 
all the unlabeled edges. In [4] Kwong and Shiu developed an algebraic approach to attack the 
balance index set problems. It shows that the balance index set depends on the degree sequence 
of the graph. 


Lemma 1.8([6]) For any graph G, 


(1) 2¢7+(0) + ef+(X) = Lveayoy de9(0); 
(2) 2e Fe (1) r €f* (X) = eet) deg(v); 
(3) 2 |E(G)| a eee deg(v) o ay deg(v) + Sat) deg(v). 


Corollary 1.9((6]) For any friendly labeling f, the balance index is 


ep-(0)~ep()=5 | YO degv)— YO degtv) 


vev(0) vev(1) 
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More details of known results of graph labelings are given in Gallian [2]. 

In number theory and combinatorics, a partition of a positive integer n, also called an 
integer partition, is a way of writing n as a sum of positive integers. Two sums that differ only 
in the order of their summands are considered to be the same partition; if order matters then 


the sum becomes a composition. For example, 4 can be partitioned in five distinct ways: 
AAO. Sh 12 Oe a dee se, 


Let G be any graph with p vertices. Partition of p in to (po, p1), where po and p, are the 
number of vertices labeled by 0 and 1 respectively. 

In [6] Lee, Su and Wang gave the results for balance index set of trees of diameter four. 
In this paper we obtain balance index set of caterpillar and lobster graphs of diameter n. To 
prove our result we are using Lemma 1.8 and Corollary 1.9. 


§2. Balance Index Set of Caterpillar Graphs 


Consider the caterpillar graph CT (a1, a2, a3,--- ,@n—1), where a;,i=1, 2, 3, ---,n—1 are the 


t 


number of vertices adjacent to i'” spine vertices. We name n— 1 vertices on the spine as 


Ua,; Ua; Uag;'** »Ua,_;- Thus for a caterpillar graph there are (a; + ag + a3 +--+: + Gn_1) 


number of pendant vertices. The degrees of Ua,,Uaz;Uag,°** »Uan_, are 1 +1, a2 + 2,43 4 
2 


Uay,1, Uar,2) Uay,3)°°* » Uay,a,- Similarly we name non spinal vertices adjacent to Ua,, Was; Vas; 


,An—2 + 2,a4n-1 + 1 respectively. We also name non-spinal vertices adjacent to Ua, by 


gree 


tty Uan-1° 


Theorem 2.1 For CT (a1, a2, 43,-+-+ ,@n—1) of order p and diameter n, the balance index is, 


1 n-1 
{5 (: +> (1a) \ , if p is even 


1 n-1 
{5 (t+ 14S Catemas) b, if p is odd 


i=1 
where i 
n—-2j-3, ifj=i,i-1,i-2, wherei=2,3,4,---,|2| 
and j number of coefficients of a; are negative 
1, if i=1,n-1 
n— 3, if f(ua,;) = 0 for alli or f(ua,) = 
0, otherwise 

Proof Consider the caterpillar graph CT (a1, a2, a3,--+ ,@,—1) of order p and diameter n. 


Case 1. 1 is even. 


Subcase 1.1 If a1+a2+a3+-+-+@n—1 is odd, then the number of vertices of CT (a1, a2, as, 


126 Pradeep G.Bhat and Devadas Nayak C 


- ,@n—1) is @y tag+a3+:--+a,—-1+n—1 which is even. Let (a1 +a2+a3+---+a@n,-1)tn-1 = 
2M. For a friendly labeling, M vertices are labeled 0 and remaining M vertices are labeled 1. 
We first consider the case that ta, ,Ua,;Ua3,*** > Ua,_, are all labeled 0, i.e. n — 1 spine 
vertices are partitioned in to (n — 1,0). Then M — (n — 1) pendant vertices are labeled 0 and 
M pendant vertices are labeled 1. Therefore by Corollary 1.9, we get 


epx(0)—ep*(1) = ; Ds deg(v) — S- deg(v) 
vev(0) vev(1) 
- s{M—(n~1) + (ay +1) + (a2 +2)+ (a3 +2) +---4+ (an_1 +1) - M] 
= pla taztast-+ tana +n 3}. 


If n — 1 spine vertices are partitioned in to (n — 2,1), then M — (n — 2) pendant vertices 
are labeled 0 and M — 1 pendant vertices are labeled 1. Two possibilities arise. 


(a) If the vertex wa, is labeled 1, then 


; ye deg(v) — S- deg(v) 


e+ (0) — ef (1) 


vev(0) vev(1) 
= s\M (n — 2) — (a +1) + (a2 +2) + (a3 +2) + 
+(d@n—-1 +1) —- (M —- 1)] 
= jatar +as+ + An—1 +n — 3] 


Similarly If we, , is labeled 1, then 


ef«(0) — e¢«(1) = [a1 + ag +03 4+-++ + n-2 — Gn-1 +n — 3]. 


(b) If one vertex Ua,, 2 = 2,3,4,--- ,n—2 is labeled 1, then M —(n—2) pendant vertices 
are labeled 0 and M — 1 pendant vertices are labeled 1. 


Therefore, 


(0) ~ep-(1) = 5 | Xo deg) — > aeg(v) 
vev(0) vev(1) 
= siM — (n—2) + (a FL) at dg eA) (age 2) ash (ag 2 pest 
t(@n—1 + 1) —(M — 1)| 
= sla tag tag +--+ +aj-1— a + aig. +++ + aGn-1 +n —- 5], 


where 7 = 2,3,4,---,n—2. 
If n — 1 spine vertices are partitioned in to (n — 1 — 7,7), where 7 = 2,3,4,---, ae Then 
M — (n—1-1) pendant vertices are labeled 0 and M —i pendant vertices are labeled 1. Three 
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possibilities arise. 
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(a) If f(ua,) = F (tans) = 0, then 
1 
ep (0) epee Y= deg(v) — S> deg(v) 
vev(0) vev(1) 
1 ; 
= 5(@ (n —1—%) + (a, +1) + (a2 + 2) + (a3 + 2) 
beet (Gn—2 t 2) (Gn—1 + 1) — (M _ i)| 
1 
= gia + €2 + a3 4 + Gn—1 +n — 2% 3], 
where 7 = 2,3,4,---, 5 and i coefficients out of a2, a3, @4,°--: ,@n—2 are negative. 
(b) If f(ua,) =O and f(ua,_,) = 1, then 
1 
epO) opel). 205 Y= deg(v) — S> deg(v) 
vev(0) vev(1) 
1 F 
= gM —(n-1-i) +a + 1) + (ag + 2) + (ag + 2) 
fe+++ (dn—2 + 2) — (Qn-1 + 1) — (M — i)] 
1 
= glar + a2 tas +++ +an—2 An—-1 tn — 21 1], 
where 7 = 2,3,4,---, 5 and i — 1 coefficients out of a2, a3,a4,--+ ,@n—2 are negative. 
(c) If f(ta,) = F(tan=1) = 1, then 
1 
ep(0)—ep-(1) = 5 { Yo dea(v) — SY deg(v) 
vev(0) vev(1) 
1 : 
= Gilt (n — 1-7) — (a, +1) + (a2 + 2) + (a3 + 2) 
tres + (An—2 + 2) — (Qn—1 + 1) — (M —i)] 
1 
= 5[-41 + 42 +434 t Gre Onan Pa 26+ 1), 
where 7 = 2,3,4,---, =| and i — 2 coefficients out of a2, a3,@4,--+ ,@n—2 are negative. 


Subcase 1.2 If aj+a2+a3+:-:+@n-1 is even, then the number of vertices of CT (a1, aa, as, 
+ ,Qn—1) 18 Qy tag +a3+-++-+4,—-1+n—1 which is odd. Let (a; +a2+a34+-+:+@n-1)+n-1 = 


2M +1. 


For a friendly labeling, without loss of generality, there are M + 1 vertices labeled 0 and 


M vertices labeled 1. 


We first consider the case that ua,,Uas, Wag; ** 


,Ua,_, are all labeled 0, i.e. n — 1 spine 


vertices are partitioned in to (n — 1,0). Then (M +1) — (n— 1) pendant vertices are labeled 0 


and M pendant vertices are labeled 1. 
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Therefore, 


ep (0) ep (1) = 5 | Xo degiv)— Yo aeg(v) 


If n — 1 spine vertices are partitioned in to (n — 2,1), then (M + 1) — (n — 2) pendant 
vertices are labeled 0 and M — 1 pendant vertices are labeled 1. Two possibilities arise. 


(a) If f(ua,) = 1, then 


ep-(0) —ep-(1) = 5 | So degv)— YP aegv) 


vev(0) vev(1) 
slat +1) (n — 2) — (a, +1) + (ag +2) + (a3 +2) 
Aeneid) = M1) 
1 
2 


[—a1 tag +a3 +++: +4@n-1+n— 2]. 


Similarly, if f(ua,_,) = 1 then 


1 
ef«(0) — ef*(1) = gla + a2 +43 +°+-++Gn—2 — Gn-1 +0 — 2]. 


(b) If one spine vertex of degree a;,i = 2,3,4,--- ,m—2 is labeled 1, then M — (n — 2) 
pendant vertices are labeled 0 and M — 1 pendant vertices are labeled 1. Therefore, 


ey-(0)—ep-(1) = 5 { Yo deglv) — S> aeg(v) 


vev(0) vev(1) 
1 
= gl + 1) (n — 2) + (a1 +1) + (@2 + 2) + (ag + 2) 
Pott (dpb 2 abe te ay ah 1) (M1) 
1 
= gla +a + a3 4 + Gi-1 — A + i414 + Qn—-1 +n — 4], 
where 7 = 2,3,4,---,n—2. 
If n — 1 spine vertices are partitioned in to (n — 1 —i,7), where i = 2,3,4,---, || then 


(M + 1) — (n— 1-2) pendant vertices are labeled 0 and M — 1% pendant vertices are labeled 1. 
Three possibilities arise. 
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(a) If f(ua,) = f(ua,_,) = 0, then 


ep ()—e-(1) = 5( So degv)— > deg(v) 
vev(0) veu(1) 
é sl +1) -(n-1-) +(a 41) (gach 8) lag PD) 
+++++ (Qn—2 + 2) + (Qn_1 + 1) — (M -1)] 
= sla + ag tag +++: +4n-1 +n — 2 — 2], 
where 7 = 2,3,4,---, 5 and i coefficients out of az, a3, a4,°--: ,@n—2 are negative. 


(b) If f(ua,) =O and f(ua,_,) = 1, then 


ys deg(v) — S- deg(v) 


vev(0) vev(1) 


Nle 


e-(0)—ep-(1) = 


— 


= —((M+4+1)-(n—1 7%) + (a, +1) 4+ (a2 + 2) + (a3 + 2) 
+++ (Qn-2 +2) — (@n-1 +1) — (M -8)] 


i) 


1 
= glar + a2 tag +o + dn-2 — ana + — 24], 


where 7 = 2,3,4,---, 5 | and i — 1 coefficients out of a2, a3,a4,--+ ,@n—2 are negative. 


(c) If f(wa,) = f(uan_1) = 1, then 


1 
ep-(0)—ep(1) = 5 S~ deg(v) — S> deg(v) 
vev(0) vev(1) 
1 : 
= lM +1) (n — 1-17) — (a, + 1) + (a2 + 2) + (a3 + 2) 
beet (Gn—2 t 2) (@n-1 +1) — (M —1)] 
1 
= gl-a1 + a2 bag +++++@n—2— Gn-1 +n — 2i+4+ QI, 
where 7 = 2,3,4,---, 5 | and i — 2 coefficients out of a2, a3,a4,--+ ,@n—2 are negative. 
Case 2. nis odd. 
Subcase 2.1 If (a1 + a2 + a3 +--+: + Gn_-1) is odd, then the number of vertices of 
CT (a1, 42, 43,°+* ,@n—1) iS ay + ag + a3 +--+ + Gy_-1 +n-—1 which is odd. Therefore the 
proof is similar to Subcase 1.2. 
Subcase 2.2 If aj +ag+ag+:--+@n-—1 is even, then the number of vertices of CT (a1, aa, as, 
+ ,@n—1) 18 a1 + ag +03 +--+ +Gn—-1 +n-—1 which is even. Therefore the proof is similar to 


Subcase 1.1. 


Example 2.2 Figure 2 shows the caterpillar CT(2,1,1,2,1) of diameter 6 and order 12 with 
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balance index set {0,1, 2,3, 4,5}. 


Figure 2 The caterpillar CT(2,1,1,2,1) of diameter 6 and order 12. 


Corollary 2.3 The balance index set of the graph Bim,x, 


BBs) = {| PME) |emed| |ietembal), tem eka) 


a eS SS. 
’ a ae | -  -— om.  —) =o (9 


2 


Proof The graph Bim, is a caterpillar CT(1,0,0,---,m) of diameter & + 2. Therefore 


substituting n = k+ 2, ay =1, an_-1 =m and ag = ag = ag = +++ = Gn—2 = 0 in the Theorem 
2.1, we get 

l+m+k l—-m+k -l+m+k l+m+k—2 
anti) ~ { AH, em), [ete], temedaa| 


Uj] =| Sees eee 
2 ; 2 ; 2 ; 


i=2,3,4,--,[5]}. 


Example 2.4 Figure 3 shows the graph B3 33 of diameter 5 and order 10 with balance index 
set {0,1,2,3, 4}. 


Figure 3 The graph B3 33 of diameter 5 and order 10. 
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Corollary 2.5 The balance index set of coconut tree CT(m, 1), 


axon) = {[H%=2] |bommal) [ema 


(epee ea 


Proof The coconut tree CT(m, 1) is a caterpillar graph CT(0,0,0,--- ,m) of diameter m. 


Therefore substituting n = m, a@n—1 = 1 and a, = ag = a3 = +--+ = AGn—2 = 0 in the Theorem 


2.1, we get 


puicrimyy) = {[ER=2) | eem=a [emma lay 


I+m-—2i-2 |—l +m — 2i| [= = 25+ 2] | 
2 : 2 , 2 : 


Example 2.6 Figure 4 shows coconut tree of diameter 5 and order 9 with balance index set 
{0, 1, 2,3, 5}. 


Figure 4 The coconut tree of diameter 5 and order 9. 


§3. Balance Index Set of Lobster Graphs 


In a caterpillar graph CT(a1, a2, a3,°-: ,@n—1), if a; 4 0 for 7 = 2, 3,---, m — 2, then we have 
aj,t = 2,3,4,---,n—2 number of P3 paths contained the vertex ua,;. Since P3 is of length 2, 
after adding more adjacent edges and vertices to the two end vertices of these paths, the new 
graph is a lobster graph of diameter n. We denote the new graph as 


CT (a1, a2, 43,°°* , Qn—1) (Wag (t2,1, t2,2, t2,3,°°* , ta,a2)5 (Wag (t3,1, 3,2, t3,3,°°* » t3,a3))s 


Uaa (tai, t4,2, t4,3, rae staag)s ae > Uan_2 (tn—2,1, tn—2,2, tn—2,3, aang sbi Bian 3) 


where t;,; is the number of edges and vertices added to the vertex Ua,,j, i = 2, 3, 4, +--+, n— 2, 
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j =1, 2, 3,---, a;. Here we have 
n-2 a; 
a, + @n—1 + yy ee 


i=2 j=l 


pendant vertices. 
In order to write the results in an uniform manner we name this lobster graph as 


CT (di, do, ds, aA. »dn—2, do) (tag (dn—1, dn, dn+1, a »ddy+n—2)s 


Uag (dag+n-1; day+n; day+n+1; aay 1ddy+d3+n—2), 
Ua (day+dg+n—1; day tdgtn, ddgtdgtn4+1)"°* 1 ddy+d3+d4+n—2); azar 
Wan —2 (ddy-+dg3t---+dy_g-tn—1; dda tdg+--tdy_gtny ddgtdgt--tdy_gtntls'** dd td3t---+dy_+n—2)): 
We also name n— 1 spine vertices by v1, v2, 3,°++ , Un—2, Vo, the vertices adjacent to v2 by 
Un—13 Un; Un+1s*** yVdo+n—2, adjacent to v3 by Vdyin—1;Udotn» Udetntls °° * +Ude+dztn—2, etc. 
and adjacent tO Un—2 by Ud2+d3td4+--+dn—3tn—1) Vde+d3t+dat--+dn—3tns Udetd3+dat---tdn—3tn+1> 
» Vdg+d3+d4t-+-+dn—2+n-2: 
n—2 
Thus in this lobster, we have dp + dj + 3 d; pendant vertices where m = S> dj +n—2, 
t=n-1 j=2 


n—-2 
the degree of vu; forn-1<i< d; +n — 2 is dj + 1 and the degree of vz is dj + 2 for 
j=2 


k =2,3,4,--+,n—2. 


Theorem 3.1 For a lobster graph of diameter n and order p, the balance index is 


5 [EG 1)f ds +S (- 1yfe), if p is even, 
ef-(0) — ef-(1) = 


i=0 


#5 [1+ D- Od, +S (- 1)f) ‘epieda: 


n-2 
wherem= > dj +n—2. 
j=2 


Proof Let G be a lobster graph of order p and diameter n. 


Case 1. 1 is even. 


Subcase 1.1 If » d; is odd, then the number of vertices equal to ~ d; +n —1 is even. 


=0 
Let it be 2M. Fora friendly labeling, there are M vertices labeled 0 and 1 remaining M vertices 
labeled 1. We first consider the case that v; for all i are labeled 0. Then there are M — (n — 


n—2 
1) — SO d; pendant vertices labeled 0 and remaining M pendant vertices labeled 1. Then by 
i=2 
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Corollary 1.9, we get 


erx(0) —epx(1) = 3 [m (n—1)+2(n—-3)+do+14+d14+14 SS aen-M 


n-1 5j=0 i=0 
n—-2 

Similarly we assume that there are k vertices among v; for allO <i < Do dj +n-2 
j=2 


n—2 
labeled 0. Then there are M —k pendant vertices labeled 0 and M — b dj +n—-1— K 
j=2 


pendant vertices labeled 1. We define P to be the set containing all the 0-vertices among v; for 
n—2 
alO<i< 0 dj +n-—2. We also name N to be the set containing all the 1-vertices among 
j=2 
n—2 
uv; for allO <i < $0 dj +n—2. Then by Corollary 1.9, we get 
j=2 


+30 ica) 


esx (0) —erx(1) = 5 [are Yo eat) (4 Soatnin 


= 3 [are (3 eae) 9 41) + Fa] 

+ wank (Fidel) +1) 
= 5 [are (3D eat) —1)) wean Sa) 

- nota (dee) —) = (Sain) 
= 7p» (ea) 1) = dels) =] 

Also note that 
dis LD asses Sa ee 
deg(v) -1= j=2 


G41, HIS 8 


Therefore 


m n-2 
1 v v vi vi 
efx(0) —epe(1) = ; fn" do + (—1)% Dd, + y (1) Yat) (—1)* i) (d; +1) 
j=2 


i=n-3 


m n—-2 
1 ay vi 
5 p (=F di + SO (1 J. 
j=2 


i=0 


Subcase 1.2. If S* d; is even, then the number of vertices equal to 5> d; +n — 1 is odd. Let it 
i=0 i=0 
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be 2M +1. For a friendly labeling, there are M +1 vertices labeled 0 and remaining M vertices labeled 
n—2 

1. We first consider the case that v; for all i are labeled 0. Then there are (MM +1) —(n-—1)- YO dj 
j=2 


pendant vertices labeled 0 and remaining M pendant vertices labeled 1. Then again by Corollary 1.9, 


we get 


ep+(0) —ef*(1) = 


Nle 

oe 
= 
= 
<a 
—~ 
3 
= 
Sy 
i) 
~~ 
3 
w 
Nor 
Q 
Oo 
= 
Q 
nn 
= 

ll 

iM 


II 
PR 
> 
3 
= 
3 
Mi 
LS} 
Q 
w. 
3 
i) 
a | 
| 
NlR 
| rs: | 
Ms 
& 
+ 
3 
| 
i) 
| ee | 


n—2 
Similarly we assume that there are k vertices among 1; for allO <i< }> dj +n-—2 labeled 0. 
j=2 


-2 
d; +n—1-—k| pendant vertices 
j=2 


i= 


Then there are M + 1—k pendant vertices labeled 0 and M — | 


n—2 
labeled 1. We define P to be the set containing all the 0-vertices among v; for all0 <i < D> dj +n—2. 
j=2 
n—2 
We also name WN to be the set containing all the 1-vertices among v; for allO <i < YO dj +n—-2. 
j=2 
Then by Corollary 1.9, we get 


(ar+1— 4+ deat) = (»- Satna 


es-(0)—ep-(1) = 


+30 tea)) 


vEP vEN 
1 n—-2 
= 5|M+1—-k+ (35 eat) 43) -u+¥a] 
vEeP j=2 
- fa w- & (ea) +1) 
vEN 
1 n—-2 
= 5|M+1-k+ (35 woe) +h Sa] 
vEeP j=2 
n-2 
- fp—t-e- (= (es) ) = (Sa en-1-2)] 
vEN j=2 
= =|1+ 5° (deg(v)-1)— S© (deg(v) - | 
vEP vEN 
Also note that 
degen di, ifi =0, landn—-3<i< DU Jdj+n-2 
dj +1, 2<7<n-2 
Therefore, 
1 m n-2 
ep-(0)—ep(l) = 5 fs (=1) do + (1PM di + SE (POP ds + SO (-1)P (i +) 
i=n-3 j=2 


m n—-2 
1 ws vi 
= 7 [ +5>(-1)% Pdi + S>(-1)% ay. 
j=2 


i=0 
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When a friendly labeling with vy(1) > v¢ (0), it produces the negative values of the above balance 


indexes. Therefore, 


m n—-2 
1 7 - 
e7+ (0) — e-(1) = 45 [1+ 0-1)" Pdi + So (-1)"' a: 
i=0 j=2 
Case 2. 1 is odd. 
Subcase 2.1 If S* d; is odd, then the number of vertices equal to b a| +n—1 is odd and 
i i=0 


i=0 
proof is similar to Subcase 1.2. 


Subcase 2.2 If 5° d; is even, then the number of vertices equal to b a +n—1 is even and 
i=0 i=0 
proof is similar to Subcase 1.1. 


Therefore, for a lobster graph of diameter n and order p, the balance index is 


m n-2 
5 b (-1)f ad; +3 1] ; if p is even 
i=0 i=2 
es«(0) —eg*(1) = 
m n—-2 
+5 [1 + (-YP a+ ¥ (1) , ifpis odd 
i=0 i=2 
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Abstract: Some properties of Lagrange space with metric tensor gi;(x,y) + SVs where 
gij(, y) is metric tensor of Finsler space (M”, F’), and associated generalized Lagrange space 
has been studied by U. P. Singh in his paper [6]. In the present paper some properties of 
Lagrange space with metric tensor e? g;;(a,y) + = yiy;, where gi;(x,y) is metric tensor of 
Finsler space (M”, F’), e’) ig conformal factor and associated generalized Lagrange space 
has been studied. 
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§1. Introduction 


Various authors like R. Miron, M. Anastasiei, H. Shimada, T. Kawaguchi, U. P. Singh have studied 
Lagrange space and generalized Lagrange space in their papers [3], [2], [4], [5]. A generalized Lagrange 
space with metric tensor yj; (a) + en where 7;;(2) is metric tensor of Riemannian space and c is 
velocity of light has been studied by Beil in his paper [1]. In this chapter 7;;(2) has been replaced by 


e°) gi 5(a,y), where gi;(x,y) is metric tensor of Finsler space (M”, F). 


Let M” is n-dimensional smooth manifold and F is Finsler function, the metric tensor g;;(x, y) is 
given by 
OF? 


Gis (@,Y) = Dy Oy (1.1) 


Since F is Finsler function of homogeneity one, so gi;(x,y) is homogeneous function of degree zero. 


The angular metric tensor of Finsler space (M”, F’), hi;(x,y) is given by 


hig(@,y) = gij(x,y) — lily, (1.2) 
where 1; is unit vector given by 
Yi 
=. 1.3 
= (1.3) 


§2. Generalized Lagrange Space L” and Associated Lagrange Space L*” 
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Consider a generalized Lagrange space L” = (M”, Gi;(x,y)) with metric tensor 
é 1 
Gij = €° gis (2, y) + BY Ys- (2.1) 


The reciprocal metric tensor G") of Gi; is 


io 
GJ= =—cC yn + Pee 2.2 
e (« aay’), (2.2) 
where 
o FF? 2 ees | 
ai=e + Ga Fo = giy'y’. (2.3) 


The d-tensor field Cigk of L” is defined as 


Cink = = Z — — vy. 2.4 
a 5( ah 4 ik (2.4) 
Z OY: 
Since By = gij from (2.1) and (2.4), we have 
= > 1 
Cink = e° Cink + BIGKYhs (2.5) 
ai ih i 1 i 
Cyn = G Cink = Cir + —z G5KY - (2.6) 
aic 
The metric tensor G;; is used to define the Lagrangian L* is given by 
The Lagrangian gives a metric tensor Gj, is given by 
1 Ee? L*? 
re eg ennany 2.8 
J 2 Oy? Oy) (2:8) 
From (2.7) and (2.1), we have 
4 
Le? =e? F? + ae =a F?, (2.9) 
Cc 
and from (2.8) and (2.9), we have 
* 4 
Gij = a2gis(@,Y) + YY (2.10) 
ees ey ae Ale oye 
a © by) 2.11 
G = (4 sav), (2.11) 
* 2 
Cink = G20 jnk + 3 (Greys + Ginye + 95kYn): (2.12) 
From (2.12) and (2.11), we have 
«i i 2 i i a2 i i 
Chk = Cin + Ta | bive + Shu + J asey’ — ay" ueus |) (2.18) 
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F? F? 
where a2 = e? + a and ag = e? + a In general, 
c Cc 


FE? 


o 
=e 
my C2 


Theorem 2.1 If the metric tensor of generalized Lagrange space given by Gi; in (2.1) then the metric 


tensor of associated Lagrange space Gj; is given by (2.10) and reciprocal metric tensor of generalized 


Lagrange space and associated Lagrange space are given by (2.2) and (2.11) respectively. 


§3. Angular Metric Tensor of L” and L*” 


For a Finsler space F” the angular metric tensor hi; is 


OF 
y= Poyogt = gij — lily, (3.1) 
Yi 
here J; = =. 
where TL 
The generalized Lagrange space is not obtained from a Lagrangian therefore its angular metric 
tensor Hj; 
Now, 
J o 1 y? 
Li = Gig L? = 9 €? gis(t,y) + Suis p Te- (3.3) 
From (2.9) 


j o 1 y o Yi 
Ly = GiyL? = (« Hi (@,Y) + zu) van (« ee 


From (3.4) and (3.2) and (2.1) 
5 1 
Hig = € gig(,y) + yi ys — aalily. (3.5) 
Putting the value of a, in (3.5), we have 
Ai; = e* hij. (3.6) 


The angular metric tensor of Lagrange space L*” is given by 


a! ee 6? L* 
Oy? Oy” 


The successive differentiation of (2.9) w.r.t. y? and y’ gives 


,OL* F? 
L ys 195 + =F Vis (3.7) 


L* 6? L* a Oe ek 2 ; Pame F? oe 2 7 ae 
Oy* Oy Oy? dys _ mi Yj + a1giz Ft oe gig 4 2 YiYjs ; 
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or 
» OL*  OL*aL* A 
aydys Oy? OyF = Uys + 429i, 


or 


¥ OL" 9 AR? im 
ayiOyi = a fils = L; L; + a2g9ij; (3.9) 
Now, from (3.7) 
Lii=ay = Lea Oe (3.10) 


J L* 
From (3.9) and (3.10), we get 
2 


* o a 
Ay; = (a4 e AP a lili + A2Giz, 


2 
Hj; = a2 his + (« _— =) l; lj. (3.11) 


a1 
Theorem 3.1 Jf the metric tensor of generalized Lagrange space given by Gi; in (2.1), the angular 
metric tensor of generalized Lagrange space and associated Lagrange space are given by (8.6) and (3.11) 


respectively. 


§4. C-Reducibility of L” and L*”‘ 


Definition 4.1 A generalized Lagrange space L” is called C-reducible space if 


Cynk = (Mj Ane + Mn Ayn + Me HAjn), (4.1) 
where M; are component of a covariant vector field. 


Suppose generalized Lagrange space L” is C-reducible, then (4.1) holds. Using (2.5) and (3.6) and 


relation y, = Fly, (4.1) can be written as 
oe F o 
e- Cynk + a2 9inln = (Mjhar + Mnhjr + Mehjn) ee’. (4.2) 


Contracting (4.2) by /"71* and using (4.1), we get 


F 


==0 > =F=0, 
Cc 


which is contradiction. 


Theorem 4.1 The generalized Lagrange space L” = (M",Gi;) can not be C-reducible. 
Now consider the space L*”, its C-reducibility is given by 


Cink = (Mj Hix. le Mr Aji, + My Hjp), (4.3) 


J 


where M;, are component of covariant vector field using (2.12), (3.11), (4.3) and yn, = Fly in (4.3), we 
get 


2F * * * 
a2Cynk + <a (Gael + Qjnle + gjkln) = a2(Mj hak + Mp hye + My hyn) 


2. 
fe («« =) (Mi laly + Mgljlx + Mglni;), (4.4) 
1 
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Contracting (4.4) by 2 and putting p* = M*l', we have 


2 


Contracting (4.5) by 1”, we have 


a1 


az * * * 
Sle = (a 2) (ote + pte + Mi), 


Again contracting (4.6) by I*, which gives 
From (4.6) and (4.7), we have 


From (4.8) and (4.5), we have 


2F? / QF? 
az Gk =a2p Ann + a Inte. 


Using gaz = hnk + laly in (4.9), we get 


2F? r 
i — a2p ) haa ='0. 


2 


It gives p* = a which contradict (4.7). Hence 
c“a2 


Theorem 4.2 The Lagrange space L*” = (M™",L*) can not be C-reducible. 


2F : Ge Ves ' . 
ze (Ink + Qlnle) = a2p" har + («« - | (p"lalk + Male + Mela). 


(4.5) 


(4.7) 


(4.8) 


(4.9) 
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Abstract: The hamiltonian cycles and paths in Cayley graphs naturally arise in computer 
science in the study of word hyperbolic groups and automatic groups. All Cayley graphs 
over abelian groups are always hamiltonian. However , for Cayley graphs over non-abelian 
groups, Chen and Quimpo prove in [1] that Cayley graphs over group of order pq, where p 
and q primes are Hamiltonian and in [2] that Cayley graphs over hamiltonian groups (i.e., 
non-abelian groups in which every subgroup is normal) are always hamiltonian. In this paper 
we investigate the existence of complete hamiltonian cycles and hamiltonian paths in the 


vertex induced subgraphs of Cayley graphs over non-abelian groups. 
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§1. Introduction 


Let G be a finite non-abelian group and S be a non-empty subset of G. The graph Cay(G, S)) is defined 
as the graph whose vertex set is G and whose edges are the pairs (x,y) such that sx = y for some s € S 
and « # y. Such a graph is called the Cayley graph of G relative to S. The definition of Cayley graphs 
of groups was introduced by Arthur Cayley in 1978 and the Cayley graphs of groups have received 
serious attention since then.Since the 1984 survey of results on hamiltonian cycles and paths in Cayley 
graphs by Witte and Gallian [6], many advances have been made. In this paper, we present a short 


survey of various results in that direction and make some observations. 


§2. Preliminaries 


In this section deals with the basic definitions and terminologies of group theory in [4] and [5] and 
graph theory in [3] which are needed in sequel. 

Let G be a group. The orbit of an element x under G is usually denoted by Z and is defined as 
Z = {gu/g € G}. Let x be a fixed element of G. The centralizer of an element x in G, Ca(z) is the set 
of all elements in G that commute with x. In symbols, Ce(x) = {g € G/gx = xg}. 

A group G act on G by conjugation means gz = gxg~’ for all x € G. An element z € G is 
called an involution if 2? = e, where e is the identity.Let H be a subgroup of a group G. The subset 
aH = {ah/h € H} is the left coset of H containing a, while the subset Ha = {ha/h € H} is the right 
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coset of H containing a. The notations D, and Z, are the dihedral group of order 2n and the group 
of integers modulo n respectively. 

A partition of a set S is a collection of non-empty disjoint subset of S whose union is S. 

A graph G = (V, E) is said to be connected if there is a path between any two vertices of G. If 
for each pair of vertices of G there exist a directed path, then it is strongly connected. 

Each pair of arbitrary vertices in G can be joined by a directed edge, then it is complete. A 
subgraph H = (U, F) of a graph G = (V, £) is said to be vertex induced subgraph if F' consist of all 
the edges of G joining pairs of vertices of U. 

A hamiltonian path is a path in G = (V, E) which goes through all the vertices in G exactly once. 


A hamiltonian cycle is a closed hamiltonian path. 


§3. Main Results 


Theorem 3.1 Let G be a finite non-abelian group and G act on G by conjugation. Then for x € 
G, the induced subgraph Cay(Ca(x),£) of the Cayley graph Cay(G,Z) has two disjoint hamiltonian 
cycles, provided Z has an element a of order 3 which do not generate Ca(x) but it generates a proper 


cylic subgroup {e, a,b} of Ca(zx). 


Proof Since Z has an element a of order 3 which do not generates Ce(x), we see that « 4 e. Let 


u © {e,a,b}. Since Z is the orbit of z € G and G act on G by conjugation,we can choose an element 


s € & such that s = (ua)a(ua)~". 


Now su = (ua)a(ua)~'u = (ua)(aa~')(u-*u) = ((ua)e)e = ua, 
then there is an edge from u to ua. Again s(ua) = (ua)a(ua)~(ua) = ((ua)a)e = ua” = ub, then 
there is an edge from ua to ub , so there exist a path from u to ub. Again s(ub) = (ua)a(ua)~'(ub) = 


(wa)a(a~tu-*)(ub) = (ua)(aa~!)(u-tu)b = ((ua)e)eb = (ua)eb = uab = ue = u, then there exist an 


edge from ub to u.Thus we get a hamiltonian cycle C) : u — ua > ub > u in Cay(Ca(a), &). 

Since a € & which do not generate Ca(x), then Cg(x) contains at least one element other than 
{e,a,b}. Let ui ¢ {e,a,b}. Then sui = (ua)a(ua)~'ur = (ua)a(a7*u7")ur = (ua)(aa7")u7tus = 
((ua)e)u7'ur = (ua)u7*ui.Since u belongs to the subgroup {e,a,b}, we have ua = au, therefore 
(ua)u~tur = (au)u7tur = a(uu7")ur = (ae)ur = aur. Clearly au ¢ {e,a,b}, for if au: € {e,a, b}, 
then au; = us € {e, a,b} which implies u: = a~!u2 € {e,a,b} which is a contradiction to our assump- 
tion that ui ¢ {e,a,b}. So there exist an edge from ui to au1. Again s(aui) = (ua)a(ua)~*(aui) = 
(ua)a(a~tu-")(au1) = (ua)(aa~")u7"(aui) = (ua)eu!(aui) = (ua)u7*(au1) = (au)u7!(au1) = 
a(uu-")aur = (ae)au, = aau, = au, = bur, as above we can show that buy ¢ {e,a,b}. Thus there ex- 
ist an edge from au, to buy and consequently a path from uw, to bu. Again s(bui) = (ua)a(ua)~!(bu1) = 
(ua)a(a~tu-")bur = (wa)eu! (bur) = (au)u7*(bu1) = (ae)bur = abur = ew: = us, then there exist 
an edge from bui to ui . Thus we get another hamiltonian cycle Co : ui — aui — bur — wu in 
Cay(Ca(«),@) which is disjoint from C1. 


Theorem 3.2 Let G be a finite non-abelian group and G act on G by conjugation. Then for x € G, the 
induced subgraph Cay(Ca(x),&) of the Cayley graph Cay(G,Z) has two complete hamiltonian cycles, 
one with vertex set P,; and other with vertex set P2, provided C(x) has a partition (P:, P2), where 
& has an element a which generates a proper cyclic subgroup P, = {e,a,b} of Ce(x) and Py» is the 


generating set of P,. 


Proof Since a € & which generates a proper cyclic subgroup P; = {e, a,b} of Ce(x), by Theorem 
3.1, for every u € Pi,we get a complete hamiltonian cycle C, : u— au > bu > u in Cay(P1, £).Since 
P, is the generating set of Pi, we have P2P2 = Pi, P2P, = Po, P,P. = Po and P| Pi = P,. Let 
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ui be an element in Pz. Since Z is the orbit of c € G and G act on G by conjugation, we can 
choose an element s € & such that s = (ua)a(ua)~' for u € Py. Now su = (ua)a(ua)~'ws = 
(ua)a(a~tua")ur = (wa)(aa~!)(u7*ur) = (ua)e(u7*u1) = (ua)(u7!u1) = (au)(u7 tur) = a(wu7")ur = 
(ae)u1 = au. Clearly au ¢ P; since P; Pz = P2. So there exist an edge from ui to aui. Again s(aui) = 
(ua)a(ua)~*(au1) = (ua)a(a~tu-")(au1) = (ua)(aa~")u7! (aur) = (wa)eu~"(au1) = (au)u7! (au) = 


a(uu~*)aur = (ae)au1 = (aa)ui a?u1 = bus. Here also bu: ¢ P1,so there exist an edge from au. to 


bui and consequently a path from u1 to bu1.Again s(bu1) = (wa)a(ua)~!(bui) = (ua)a(a7*u7*) (bur) = 
(ua)(aa~')u7"(bu1) = (ua)eu7!(bui) = (wa)u7! (bur) = (au)u7!(bu1) = a(uunt)bur = (ae)bur = 


(ab)u1 = eur = u1, so there exist an edge from bu; to ui. Thus we get another complete hamiltonian 


cycle C2: u1 > au > bur — ui in Cay(P2,£), which is disjoint from C}. 


Lemma 3.3 Let G be a finite non-abelian group and G act on G by conjugation. Then for x € G,the 
induced subgraph Cay(H1,£)of the Cayley graph Cay(Ca(x),#) is hamiltonian provided Z has three 
involutions a,b,c with ab = ba, which generates Ca(x) and Hi =< b,c > is a subgroup of Ca(x) 
isomorphic to D3. 


Proof Since & has three involutions a,b,c with ab = ba, which generates C(x), we see that 
Ca(x) = {e,a, b, ab, cb, a(cb), b(cb), ab(cb), (cb)”, a(cb)”, b(cb)”, ab(cb)?}. Also ,since H; =< b,c > isa 
subgroup of Cg(x) ,we have Hi = {e,b, cb, b(cb), (cb)?, b(cb)?}. Let u € Hi. Since is the orbit of 
x € G and G act on G by conjugation, we can choose two involutions s; and s2 € such that s1 = 
(ub)b(ub)~tand s2 = (uc)c(uc)~'. Now siu = (ub)b(ub)~'u = (ub)b(b~!u7!)u = (ub)(bb~")(u7tu) = 
((ub)e)e = ub, then there is an edge from u to ub. Again s2(ub) = (uc)c(uc)~ (ub) = (ue)ce(e7!u7")ub = 
(uc)(ce~)(u~"u)b = (ue)e(eb) = (uc)b = u(cb), then there is an edge from ub to u(cb), so there exist a 
path from u to u(cb). Again s1(u(cb)) = (ub)b(ub)~'(u(cb)) = (ub)b(b~ 'u7")(u(cb)) = (ub) (bb7) (u7*u) (cb) = 
(ub)e(cb) = ub(cb) , so there exist an edge from u(cb)to wb(cb) and consequently a path from u to 
ub(cb). Again s2(ub(cb)) = (uc)c(uc)~'(ub(eb)) = (ue)(ec~!)u7!(ub(eb)) = (ue)c(e~!u7")(ub(eb)) = 
(uc)e(u~*u)b(cb) = (uc)eb(cb) = u(cb)*,then there exist an edge from ub(cb) to u(cb)? and conse- 
quently a path from u to u(cb)*. Again si(u(cb)?) = (ub)b(ub)~tu(cb)? = (ub)b(b~'u7*")u(eb)?_ = 
(ub) (bb~)(u7!u) (cb)? = (ub)ee(cb)? = (ub)(cb)? = ub(cb)?, so there exist an edge from u(cb)? 
ub(cb)?. Again so(ub(cb)?) = (uc)e(uc)~*(ub)(cb)? = (uc)e(c~'u7!)ub(eb)? = (uc)(cc™)(u7*u) x 
b(cb)? = (uc)e(eb)(cb)? = ucb(cb)? = u(cb)?, so there exist an edge from ub(cb)? to u(cb)* and conse- 
quently a path from u to u(cb 


)3, Since H; =< b,c > is a subgroup of Cg(x) isomorphic to D3, we 
have (cb)? = e. Therefore u(cb)? = ue = u. Thus we get a hamiltonian cycle Ci : u > ub — u(cb) = 
ub(cb) — u(cb)? — ub(cb)? — u(cb)? = ue = u in Cay(H1,%). In particularly, for u = e we get a 
hamiltonian cycle e > b > cb > b(cb) — (cb)? > b(cb)? > (cb)? = 


Lemma 3.4 Let G be a finite non-abelian group and G act on G by conjugation. Then for x € G, 
the induced subgraph Cay(aHi,Z) of the Cayley graph Cay(Ca(x),£) is hamiltonian provided Z has 
three involutions a,b,c with ab = ba which generates Cg(x) and H; =< b,c > is a subgroup of Ce(x) 
isomorphic to D3. 


Proof Since Z has three involutions a, b,c with ab = ba which generates Ce(x) and Hi =< b,c > 
is a subgroup of C(x) isomorphic to D3. Then by Lemma 3.3, for every u € Hj , we get a hamiltonian 
cycle C, : u — ub > u(cb) > ub(cb) — u(cb)? > ub(cb)? — u(cb)® = ue = u in Cay(Mi,%) . Since 

H, = {ah/h € Hi}, we see that aH, = {a, ab, a(cb), ab(cb), a(cb)”, ab(cb)”}. For if u =a in C1 , we 
get another hamiltonian cycle C2 : a + ab > a(cb) — ab(cb) — a(cb)? — ab(cb)? — a(cb)? = ae =a in 
Cay(aH,,£), which is disjoint from C1. 
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Theorem 3.5 Let G be a finite non-abelian group and G act on G by conjugation. Then for x € G, 
the induced subgraph Cay(Ca(x),£) of the Cayley graph Cay(G,2) is hamiltonian provided = has three 
involutions a,b,c with ab = ba which generates Ca(x) and < b,c > is a subgroup of Ca(x) isomorphic 
to D3. 


Proof Since & has three involutions a,b,c with ab = ba which generates Cg(x) , we see that 
Ca(x) = {e, a,b, ab, cb, a(cb), b(cb), ab(cb), (cb), a(cb)”, b(cb)”, ab(cb)?}. Let Hi =< b,c > be the sub- 
group of Cg(x) isomorphic to D3. Then by Lemma 3.3, we get a hamiltonian cycle Ci : e — b > 
(cb) — b(cb) — (cb)? — b(cb)? — (cb)? = e in Cay(H1, Z). Now, consider aH; = {ah/h € Hi}. Then 
by Lemma 3.4, we get another hamiltonian cycle C2 : a > ab — a(cb) — ab(cb) — a(cb)? — ab(cb)? = 


a(cb)? = ae = a in Cay(aMi,Z) , which is disjoint from C1, since aHi N Hi = ¢. 
We have Ca(x) = HiUaH};. By removing the edges {e, b} in Cay(H1, Z) and {a, ab} in Cay(aM1, = 
and adding {e, a} and {a, ab} we get a hamiltonian cycle e > a — ab(cb)? — a(cb)? > ab(cb) > a(cb) 
(ab) + b > cb — b(cb) — (cb)? — b(cb)? — (cb)? = € in Cay(Cg(x),#). Thus the induced subgraph 
Cay(Ca(x),£) of the Cayley graph Cay(G,Z) is hamiltonian. 


Theorem 3.6 Let G be a finite non-abelian group and G act on G by conjugation. Then for x € G, 
the induced subgraph Cay(Ca(x),£) of the Cayley graph Cay(G,2) is hamiltonian provided = has three 
involutions a,b,c with ab = ba which generates Ca(x) and Ce(x) has a partition (Hi,H2) where 
H, =< b,c> is a subgroup of Ce(x) isomorphic to D3 and Hz is the generating set of Hy. 


Proof Since Z has three involutions a, b,c with ab = ba which generates C(x) and Hi =< b,c > 
is a subgroup of Cag(x) isomorphic to D3 , then by Lemma 3.3 we get a hamiltonian cycle Ci : e > 
b — cb — b(cb) — (cb)? — b(cb)? — (cb)? = € in Cay(Mi,%). We have Hz is the generating set of Hy 
and H2H2 = Hi, H2H; = He, Hi H2 = H2, Hi Hi = My. Since Hi =< b,c > is a subgroup of Ca(z) 


and the involutions a,b,c in Z generates Ce(x), we have a € Hz. Since Z is the orbit of x € G and 


G act on G by conjugation, we can choose two involutions s; and s2 in Z such that s; = (ab)b(ab)~' 
and s2 = (ac)c(ac)~'. Now sia = (ab)b(ab)~1a = (ab)b(b-1a~)a = ab(bb-')(a~ 1a) = ((ab)e)e = ab, 
so there exist an edge from a to ab in Hz , since H2H; = H2. Again s2(ab) = (ac)c(ac)~*(ab) = 
(ac)c(e~ta~")ab = (ac)(cc~')(a~*a)b = (ac)eb = (ac)b = a(cb). Clearly a(cb) ¢ Hi, so there exist an 
edge from ab to a(cb) in Hz. Again s:(a(cb)) = (ab)b(ab)~‘acb = (ab)(bb~')(a~'a)cb = (ab)ee(cb) = 
ab(cb), so there exist an edge from a(cb) to ab(cb) in Hz. Again s2ab(cb) = (ac)c(ac)~'(ab)(cb) = 
(ac)(ce~!)(a~*a)b(cb) = (ac)eeb(cb) = (ac)b(cb) = a(cb)(cb) = a(cb)?. Here also a(cb)? ¢ Hi, since 
H2H, = Ho, so there is an edge from ab(cb) to a(cb)*, consequently a path from a to a(cb)?. Again 
sia(cb)* = (ab)b(ab)~'a(cb)? = (ab)(bb~')(a~*a) (cb)? = (ab)ee(cb)? = (ab) (cb), so there exist an edge 
from a(cb)? to ab(cb)”. Again s2ab(cb)? = (ac)c(ac)~*(ab) (cb)? = (ac)(ec™')(a~'a)b(cb)? = a(cb)? = 
ae = a. Thus we get another cycle C2 : a — ab — a(cb) > ab(cb) — a(cb)? — ab(cb)? — a(cb)® = ae = 
a in Cay(Ha, £), which is disjoint from C,. We have Ce(x) = Hi U H2.By removing the edges {e, b} in 
Cay(A1, Z) and {a, ab} in Cay(H2, Z) and adding the edges {e, a} and {a, ab} we get a hamiltonian cycle 
e > a — ab(cb)” = a(cb)? > ab(cb) — a(cb) = ab > b > cb > b(cb) > (cb)? > b(cb)? = (cb)? =e in 
Cay(Ca(a), £). 


Theorem 3.7 Let G be a finite non-abelian group and G act on G by conjugation. Then for x € G, 
the induced subgraph Cay(Ce(x),£) of the Cayley graph Cay(G,%) is hamiltonian provided Ca(x) 
isomorphic to Zan+1,n = 0,1,2,---. 


Proof Let u € Ce(x). Then ua = xu for « € G. Since & is the orbit of c € G and G 


1 


act on G by conjugation, we can choose an element s € & such that s = (ua)a(ua)~°. Now su = 
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(wa)a(ua)~tu = (ua)a(a~tu-t)u = (ua)(aa~*)(u-tu) = ((ua)e)e = ua , then there exist an edge 


from u to ua. Again s(ua) = (ua)a(ua)~'(ua) = ((ua)a)e = ua”, then there is an edge from ua 


to ua’, consequently a path from u to ua”. Continuing in this way, we get a Hamiltonian cycle 


u— ua— ua? = ua® see uaertt 


= ue = u in Cay(Ce(zx), Z). 
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Abstract: Let f be a map from V(G) to {0,1,2}. For each edge wv assign the label 
f* (uv) = ft fo) . f is called as a mean cordial labelling if |v¢(i) — v¢(j)| < 1 and 
je? (t) — eF(9)| < 1, 1,7 € {0, 1,2}, where vy (x) and e7(x) denote the number of vertices and 
edges respectively labelled with x (2 = 0,1, 2). A graph with mean cordial labelling is called 
mean cordial. In this paper we prove the graph (Ki, : 2) and path union of n copies of star 


Ki,m are mean cordial graphs. 


Key Words: Mean cordial labelling, Smaarndachely mean cordial labelling, star, path, 


union graph. 


AMS(2010): 05C78. 


§1. Introduction 


All graphs in this paper are finite, simple and undirected. The vertex set and edge set of a graph are 
denoted by V(G) and E(G) respectively. A graph labelling is an assignment of integers to the vertices 
or edges or both subject to certain conditions. A useful survey on graph labelling by J. A. Gallian(2014) 
can be found in [2]. 

The concept of cordial labelling was introduced by Cahit in the year 1987 in [1]. Here we introduce 
the notion of mean cordial labelling. We investigate the mean cordial labelling of the graph (Ki,n : 2) 


and path union of n copies of star Kim. 


Definition 1.1 Let f be a map from V(G) to {0,1,2}. For each edge wv assign the label f*(uv) = 

Lopes) f is called as a mean cordial labelling if |v; (i) — vg (9)| < 1 and |e7 (2) — eF(9)| < 1,4,9 € 
{0, 1,2}, otherwise, a Smarandachely mean labeling of G if |v (i) — ve (J)| = 2 or le7(2) — eF(9)| = 
2,1,9 € {0,1,2}, where vs(x) and e;(x) denote the number of vertices and edges respectively labelled 
with «(x = 0,1, 2). 


A graph with mean cordial labelling is called a mean cordial graph. 


Definition 1.2 A complete bipartite graph Kin is called a star graph. The vertex of degree n is called 


the apex vertex. 


Definition 1.3 A bistar Bn.» is the graph obtained by joining the apex vertices of two copies of star 
Kin by an edge. 
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Definition 1.4 Consider two copies of star Kin. Then (Kin : 2) is the graph obtained from Bnin by 
subdividing the middle edge with a new vertex. Such as those shown in Figure 1. 


U 


Figure 1 


Definition 1.5 Let G be a graph and Gi, Go2,...,Gn with n > 2 be n copies of graph G. Then the 
graph obtained by adding an edge from Gi; to Gi41 fori =1,2,...,n—1 ts called path union of G. 


§2. Results 


Theorem 2.1 The graph (Kin : 2) admits a mean cordial labeling. 


Proof Let G = (Kin : 2) and let V(G) = {u, v1, v2,wi: 1 <i < Qn}, E(G) = {uvi, uve, viwi : 
1l<i<n,ww:n+1< 7 < 2n}. Then, |V(G)| = 2n4 3, |E(G)| = 2n +4 2. 
Case 1. n=0 (mod 3) 


Let n = 3t, t=1,2,---. Define f : V(G) — {0, 1, 2} as follows: 


f(u) = 2, f(v1) = 0, f (v2) =1, 
0, 1<i<2t 

f (wi) 1, M+1<iK<At 
2, 4t+1<i< 6t 


The induced edge labelling f* : E(G) — {0, 1,2} is found as follows: 


f* (uv) = 1, 

f* (uve) = 2, 

f* (v1wi) = 0, 1<i< 2t, 

f*(v1wi) = 1, 2t+1<i< 3t, 

f* (vow) =1, 3t+1<1< 4t, 

f* (vowi) = 2, 4t+1<i< 6t. 

Then, 

vpg(o) =2t+1, v~e(1)=2t4+1 — ve (2) = 2¢+1, 
e+ (0) = 2t, e7(1)=2t+1 e%(2) = 2t+1 
Thus, 


Hence f is a mean cordial labeling. 
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Case 2 n= 1 (mod) 3) 
Let n= 3t+1, t=1,2---. Define f : V(G) — {0,1,2} as follows: 
f(u) =2, f(v1) =0, f(v2) =1, 


0, 1<i<2t+1 
f(wi) = ¢ 1, W+2<i< 4t4+2 
2, 4t+3<i<6t+2 


The induced edge labelling f* : E(G) — {0,1, 2} is defined as follows: 


f*(uv1) = 1, 

f* (uve) = 2, 

f* (v1wi) = 0, 1<i<2t+1, 

f*(v1wi) = 1, 264+2<i< 3t+1, 

f* (vewi) = 1, 3t+2<i< 4t+2, 

f* (vow) = 2, 4t+3<i1< 6t42. 

Then, 

vp(0) = 2t + 2, vp(1) = 2t4 2, vp(2) = 2t4+ 1, 
e;(0) = 2¢ +1, e7(1) = 2t + 2, e}(2) = 2t+1 
Thus, 


Hence f is a mean cordial labeling. 

Case 3. n= 2(mod3) 
Let n=3t+2, t=1,2---. Define f : V(G) — {0, 1,2} as follows: 
f(u) =2, f(v1) =0, f(v2) =1, 


0, 1<i<2t4+2 
f(wi) = $1, %M%+3<i< 4t4+3 
2, 4t+4<i< 6t+4 


The induced edge labelling f* : E(G) — {0, 1,2} is found as follows: 


f*(uv1) = 1, 

f* (uve) = 2, 

f* (v1wi) = 0, 1<i< 2t4+2, 
f*(viwi) = 1, %43<i< 3t4+2, 
f* (vow) = 1, 8t+3 <1 < 4t+3, 
f*(vewi) = 2, M+ 4<i<6t+4. 
Then, 
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Thus, f is a mean cordial labelling. Hence, (Ki,n : 2) is a mean cordial graph. 


Illustration 2.2 The mean cordial labelling of (Ki,6 : 2) is shown in Figure 2. 


Figure 2 


Illustration 2.3 The mean cordial labelling of (Ki,7 : 2) is shown in Figure 3. 


Figure 3 


Theorem 2.4 The path union of n copies of star Ki,m is a mean cordial graph. 


Proof Let G be the path union of ‘n’ copies of starKi,m and let V(G) = {vi :i = 1,---n; wi; : 
l<i<nl<j<m}, E(G) = {uvign > 1 <icn-1uUf{uwy:1<ignl<j< my}. Then, 
|V(G)| =n(m+1) and |E(G)| =n(m+1)-1. 
Case 1. m = 0(mod3) 

Subcase 1.1 n = 0(mod3) 


Define f : V(G) — {0,1, 2} as follows: 


0, 1<i<® 
Ve n : 2n 
fo) = 1, $t1<i<c® 
2, +1l<icn 
0, l<igg l<j<gm 
f(wis) = 4 1, +1l<ic® l<j<m 
2, +1l<icn l<j<gm 


The induced edge labelling f* : E(G) — {0, 1,2} is known as follows: 
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0, l<ig Z-l 
f*(vivier1) = 41, B<i<t-1 
2, 2 <i<n-1 
0, 1l<iggd 1l<j<m 
F* (wiz) = 41, 24+1<i<2 l<j<m 
2, il<i<n l<j<em 
Then, 
nm+n nm+n nm+n 
v5(0) = » us(1) »  us(2) nd 
3 3 3 
% mn+n—3 a mn+n re mn+n 
0 1)= 2) = : 
e*(0) 5 » ef(1) 3 Cer?) 3 
Thus, 


lus (4) — ve(F)| <1 and |es(t)—e7()| <1 V 4,7 € {0,1, 2}. 


Hence f is a mean cordial labelling. 
Subcase 1.2 n= 1(mod3) 


Define f : V(G) — {0,1, 2} as follows: 


0, 1<icg 
fw) = 41, sPir<i< = 

2, aetl+1 <i <n 

0, 1<gig-i l<j<m 

0, i= 22 l<j<2 

i, i= etl<j<m 
f(wis) = 41, a ee 1<j<m 

i j= at l<j<# 

2, j= oat a2 +l<j<m 

2, eT l<jcm 


We get the induced edge labelling f* : E(G) —> {0,1,2} as follows: 


0, l<ic*-1 
f*(vivier) = 41, ae<i< 
2, eae +1i<i<gn-l1 
0, <q l<j<m 
0, i="? 1<j<F 
1, i= oe mis<j<m 
PF (wwii) = 91, Sis l<j<m 
1, (= 1<j< 4 
2, i= antl amts <j<m 
2, antt <ign, l<j<m 
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Then, 
n+nm— 2 n+tnm—-1 n+tnm—-1 
eC eC 
P mntn-l1 , mnt+n-l1 , mn+t+n—1 
e}(0) = AS, ef) = ja) = 
Thus, 


lus (i) — vF(9)| <1 VG, 9 € {0, 1,2} and ep (é) — eF(9)| <1V i,j € {0, 1, 2}. 
Hence f is a mean cordial labelling. 
Subcase 1.3 n = 2(mod3) 


Define f : V(G) — {0,1, 2} as follows: 


3s ow 


0 
f(vi)= 41 mth 4 
2 


0, 1<ig*H-l1 L495 

0, i= l<j<> 

1, i= 3 ea +l<j<m 
F(wis) = 4 1, aig PP -1 l<j<m 

1, j= oe 1<j<2 

2; i= ate B+l<j<m 

2, ant? +1<ic<n l<j<gm 


0, lgigt#-1 
f*(vivier) = 41, ati<i< 2-1 

2, ant? <i<n-1 

0, 1<i< l1<j<m 

0, t= 2+] 1<j<2 

, j= "P41 +i j<gm 
f*(viwiz) = 4 1, ateci< SP -1 l<jgm 

1 i= oe l<j<F 

2, i= oe B+icj<m 

2, ante ti<ic<n l<j<m 
Then, 

vy(0) = BERET op(t) = SERBS vy(@) = SS 

e}(0) = MEERA? pay = meet eq) = 
Thus, 


lv (@) — v¢G)| <1 and lez (i) — e7G)| <1 Vij € {0, 1, 2}. 
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Hence f is a mean cordial labelling. 
Case 2. m = 1(mod3) 

Subcase 2.1 n = 0(mod3) 


Define f : V(G) — {0,1, 2} as follows: 


0, 1<i<# 
ee n ‘ 2n 
Or eae pel ee gee 
2, m+i<i<n 
F(wig) = y 1, $+1<i<# l<j<m 
2: 2+i<i<cn l<j<m 


0, 1<i<8-1 
f*(vivigr) = 41, B<ig 4-1 
2, 2 <i<n-l1 
0, l<i<g l<j<cm 
f*(viwis) = 4 1, 24+1<i<2 l<j<gm 
2, a+l<ic<n l<j<m 
Then, 
(0) = y= ya 
e}(0) = j=, 7(2) = "A" 
Thus, 


lwp (4) — vp 9) <1 and lep(t) — eF(9)| <1 V 4,9 € {0,1, 2}. 


Hence f is a mean cordial labelling. 
Subcase 2.2 n = 1(mod3) 


Define f : V(G) — {0,1, 2} as follows: 


0, l<e<g 
fw) =41, ePrici<c 
2; ati +1 <i<n 
0, 1<i<-1 Lp 
0, i=? l<j<™P 
1: i= oe mi+l<ejgm 
f(wiz) = 41, aecic st l<j<m 
1, i= ee 
2, i= amt + i<cj<m 
2 anti <i<n l<j<m 
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The induced edge labelling f* : E(G) —> {0, 1,2} is known as follows: 


0, 1<ic-l1 
f*(vivier) = 91, aeci< S-1 
2, antl <i<n-1 
0, 1<igtP-l Lea 
7 nt+2 . m—1 
0, CS S35 l<j<* 
= +2: m1 . 
1, ‘==> zg +t1l<j< 
f*(viwiz) = $1, ae<ic l<j<gm 
-_ 2n+1 G 2m+1 
1, =a l<j< 5 
~  Qn+1 2m+1 
2, i= so t1l<g 
2 ati +i<i<n Ley Sn 
Then, 
n+tnm+1 n+nm+1 
vp (0) = PERE, u(t) = SRE 1y(2) = 
é mntn-2 , mntnt+l , 
e7(0) = ’ 7(1) — ’ e7(2 
3 3 
Thus, 


lv (@) — v¢G)| <1 and ez(i)—e7G)| <1 Wi,7 € {0,1, 2}. 


Hence f is a mean cordial labelling. 
Subcase 2.3 n = 2(mod3) 


Define f : V(G) — {0,1, 2} as follows: 


0, ee ee 
fw) = 41, Ssi<ic BP 
2; aete +1 <i <n 
0, 1<igtH-1 l<j<m 
0, i= 3h ee 
1, (=H amt +1i<j< 
f(wis) = 41, ate <i< SP -1 1<ejem 
1 i= BP 1<j< 3 
2, = a m+1l<j< 
2, aet2+1<icn l<j<m 


0, 1<ic 4-1 
f*(vivier) = $1, net <i< ante —1 
o ant2 <ign—-1 


154 Ujwala Deshmukh and Vahida Y. Shaikh 


0, 1<¢igt-i l<j<m 
0, So 1<j< Se 
1, j= amt +i<cj<gm 
f*(viwis) = 41, Stl+i<i< P-1 l<j<em 
° _ 2n+2 . m—-1 
1, w=3 l<js 7 
2 j= ae mi+i<gj<m 
2, aet2 +1 <cign l<j<m 
Then, 
n+tnm+2 n+tnm—-1 ntnm—-1 
v5(0) = , vs(1) » vs(2) = 
3 3 3 
x mntn-l , mntn-l , mntn—-1 
e-(0) = 3 1)= ; 2)= 
7 (0) 3 (1) 3 7 (2) = 
Thus, 


vp (4) — vp (F)| <1 and |es(é) — e7(9)| <1 V 4,7 € {0, 1, 2}. 
Hence f is a mean cordial labelling. 
Case 3. m = 2(mod3) 


Subcase 3.1 n = 0(mod3) 


Define f : V(G) — {0,1, 2} as follows: 


0, 1<i<3 
f(vi) = 41, B+1<ic® 
2, Sil<i<n 
0, l<i<g l<j<m 
f(wis) = 41, 24+1<ic? l<j<m 
2, B+1l<i< l<j<gm 


0, l<ig fel 
* ay: —_ n . 2n 
f*(vivier) = 41, B<i<*-1 
2n 
25 + <t<cn-l 
0, 1<i<8 l<j<m 
FP (viwiy) = 9 1, B+1<ic? l<j<gm 
2, il<i<n l<jem 
Then, 
nmm+n mm+n nmm+n 
0) = ? 1)= ) = ? 
vy (0) 3 vy (1) 3 (2) 3 
” mn+n—3 . mn+n ¢ mn+n 
0)j= I= 2) = 
es (0) 3 » ef(1) 3 er (2) 5 
Thus, 


lve (@) — vp G)| <1 and jez(i)—e7G)| <1 V 4,7 € {0,1,2}. 


Hence f is a mean cordial labelling. 
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Subcase 3.2 n = 1(mod3) 


Define f : V(G) — {0,1, 2} as follows: 


0, i'<¢'<. 22 
f(vi) = 41, ari <ig Se 

2, anti +] <i<n 

0, 1<gig-i l<j<m 

0, i="? lege 

1 i= 22 m= +i<cj<m 
f(wiz) = 41, Pet i<i< Bt l<j<m 

1, j= 2a i<j< 2 

2, j= 2at1 amb eG <m 

ES aetl+1<icn l<j<m 


0, 1<ic-1 
f* (viviei) = 1, nt <ix< anit —] 
2, antl <i<gn-1 
0, 1gig -i l<j<m 
000 i= eB 1<j< ae 
1, i=°7 m241<j<m 
f* (viwij) = 41, PPri<i< SH -1 l<ejcm 
-  2Qn4+1 2m—-1 
1, t= <j 
2, i antt amt + 1<j<gm 
pp anti +i<i<n L<7 Sm 
Then, 
vp(0) = PEE (1) = DEP yy(g) = 2 
3 3 3 
_ mntn—-3 , mntn x mn+tn 
e7 (0) 3 ,es(1) = 30 (2) = 3 
Thus, 


lve) — v¢G)| <1 and fez (i) — e7G)| <1V 4,9 € {0, 1, 2}. 


Hence f is a mean cordial labelling. 
Subcase 3.3 n = 2(mod3) 


Define f : V(G) — {0,1, 2} as follows: 


0, i<o<-22 
fv) = 41, a RS oe 
2, ant? 11 cicn 
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0, 1<ig*H-1 Te ee ee) 
4 . 2m—1 

0, i=" 1<j<*¥ 

1, i= 3 amt + 1<j<gm 
f(wis) = 41, Pe +icic Me _1 l<j<m 

1, (= 2 l<j< 

2, go 2nd m4+l<j<m 

as ante +1<icn l<j<m 


0, l<ig™-1 
f*(vivier1) = 41, atci< SY -1 
2, ant? <i<n-1 
0, 1<ict-l l<j<m 
0, i= 3 1<j< 
1, peso amt +1<j<gm 
f° (viwiz) = 4 1, Ps+i<cic #P-) l<j<m 
1, j= 2a l<j< a 
2, j= ee mP+i<cj<m 
2, ante +1<icn l<j<m 
Then, 
n+tnm ntnm n+nm 
vy (0) ’ #(1) ) #(2) = ) 
3 3 3 
. mntn—-3 , mntn x mn+tn 
e7(0) 3 ’ e7(1) = 3 ; ( ) = 3 
Thus, 


lve (i) — vg(9)| <1 and |es(t) — e7G)| <1 V 4,9 € {0, 1, 2}, 


Hence f is a mean cordial labelling. Thus, from all these above cases we conclude that the path 


union of n copies of star Ki,m is a mean cordial graph. 


Illustration 2.5 A mean cordial labelling of four copies of star Ky,¢ is shown in Figure 4. 


0 0 1 2 


0 0 00 0 =O 00 21 11 1 2 2121 212 2 Dae Dds <2 2 


Figure 4 


Illustration 2.6 A mean cordial labelling of two copies of star K1,¢ is shown in Figure 5. 
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Figure 5 


Illustration 2.7 A mean cordial labelling of six copies of star K1,3 is shown in Figure 6. 


Figure 6 
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Abstract: A labeling or numbering of a graph G is an assignment f of labels to the vertices 
of G that induces for each edge uv a labeling depending on the vertex labels f(u) and f(v). 
In this paper we study some new families of odd graceful graphs. 
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§1. Introduction 


Unless mentioned otherwise, a graph in this paper shall mean a simple finite graph without isolated 
vertices. For all terminology and notations in Graph Theory, we follow [1], and all terminology regarding 
to labeling, we follow [2] and [3]. 

Gnanajothi [3] introduced the concept of odd graceful graphs as an extension of graceful graphs. 
A graph G = (V, E) with p vertices and q edges is said to admit an odd graceful labeling if f : V(G) > 
{0,1,2,--- ,2q — 1} is injective and the induced function f* : E(G) > {1,3,5,--- ,2qg — 1} defined as 
f* (uv) = |f(u) — f(v)| is bijective. The graph which admits odd graceful labeling is called an odd 
graceful graph. In the present paper, we investigate some new families of odd graceful graphs generated 


from various graph operations on the given graph. 


§2. Main Results 
Definition 2.1 Let G}, be a graph with verter set V = {ai,bi/i = 1,2,--- ,n} and FE = {aiai4i, bibi4s, 
aibi4i, biai41/t = 1; 2; By Sy 1}. 


Definition 2.2 D> be a graph with V = {aij/i = 1,2,--- ,nj7 = 1,2,3,4} and E = {ainaigia/i 


=1,2,--- ,n- 1} U {ai,3ai41,3/% =1,2,---,n- 1} U {ai,144,2; Qi,20i,33 Qi,3Qi,43 ai,40i,1/% =1,2,--- n}. 


Theorem 2.1 Let Gj, be a graph with verter V = {ai,bi/t = 1,2,--- ,n} and BE = {aiai4i, bibi4i, 
aibi41, biaigi/t = 1,2,---,n—1}. Then G is odd graceful. 


Proof Let G}, be a graph with vertex set V = {ai,bi/i = 1,2,---,n} and BE = {aiaiqs, bidi41, 
aibi41, biaigi/t = 1,2,--- ,n—1}. Note that, it has 2n vertices and 4n — 4 edges. 


lReceived July 25, 2015, Accepted August 31, 2016. 


Define a function f : 
fla) = 
f(a%-1) = 


f(a) = 
f(b) = 
f(bzi-1) = 


f(bsi) = 
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V(Gh) — {0,1,2,--- ,8n — 9 = 2(4n — 4) — 1} such that 


0 
1 

2(4i — 3);2 <i < if nis even, or2<ix< “= if n is odd 
= 

$n —5— 831 <i < 4 ifn is even, orl <i< ~~ ifnis odd 

2 
1 

8 1);2 <i < F if nis even, or2<ix< — if n is odd 
Si 

8n 1-81 <i< ifn iseven, rl <i<* if n is odd 
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It is easy to show that f is injective. Also max f(v)=8n—9. Thus, f(v) € {0,1,2,---, 
8n — 9}, for all v € V(G%). 


Now, it can be easily verified that all the edge values are in the interval [1, 8n — 9]. Thus, f is an 


odd graceful numbering. Hence, the graph G7, is odd graceful. 


veV(Gs) 


An odd graceful labelling of the graph G§ is displayed in Figure 2.1. 


51 51 41 10 33 43 26 18 17 35 9 26 1 27 


ana 


53 55 47 8 39 47 31 16 23 39 15 24 7 31 


Theorem 2.2 Let D7, be a graph with V = {ai;/i = 1,2,--- 


1,2,+++ ,n—-1Uf{ai3aigi3/i = 1,2,--- ,n-1}U {ai,14i,25 @i,2Gi,3; Gi,3Gi,4; @i,aai, t= 1,2,-+ 


Dy, is odd graceful for any 


Figure 2.1 


n. 


,n,j = 1,2,3,4} and E = {ainaigija/i = 
-n}. Then 


Proof Let {ai;/t = 1,2,--- ,n; 7 = 1, 2,3, 4} be the set of vertices of Dj}. Note that, Dj, has 4n 


vertices and 6n — 2 edges. 


Define a function f : V(D7,) — {0,1,2,--- ,12n — 5 = 2(6n — 2) — 1} such that 


12i — 4 if 7 is even 
flair) = ae 

12(n—1)+7 ifn is odd 

12(n—1)—3) ifiis even 
Faiz) = ; ee 

12(¢ — 1) if 7 is odd 

121 — 6 if 7 is even 
fais) = ; ree 

12(n—1) +3 if% is odd 
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12(n—i)+1 ift is even 
122 — 10 if 7 is odd 


f(@ia) = 


fori = 1,2,---n. Let f* be the edge labelling induced by f such that f*(uv) = |f(u) — f(v)|. Now we 
split the edge set of D}, into three disjoint sum. 

Let P = {f* (aij, i541) /t = 1,2,--- ,n37 = 1,2,3} U{f* (aizai)/i = 1,2,---,n}. Then the 
values of edges under P is {1, 3,5, 7; 13, 15, 17, 19; 25, 27, 29, 31;--- ;12n—11, 12n —9, 12n —7, 12n — 5}. 

Let Q = {f* (aa, ai41,1)/t = 1,2,--- ,n—1}. Then the corresponding edge values are {11, 23, 35,--- ,12n— 


(at 

Let R = {f*(ai3ai4i,3)/t = 1,2,---,n— 1}. Then the corresponding edge values are equal to 
{9,21,31,--- ,12n — 15}. 

Next, consider PUQUR. 


PUQUR=(I1,3,5,7,...,12n —5 =2q—-1} 


That is, the edge values of Dj, are {1,3,5,7,...,12n —5 = 2q — 1}. It can be easily shown that f is 
injective on V(D;) and it is obvious that f is an odd graceful numbering. Hence, the graph Dj, is odd 


graceful. 


Figure 2.2 gives an odd graceful labelling of the graph DG. 


Figure 2.2 


Observation 2.1 Let K2 be a complete graph on two vertices. Take 2n copies of Kz. Keep n copies 
of Ke in one set and n copies in the second set. Let wij, ui,2 for i = 1,2,...,n to the vertices of one 
set and uj 4, Uj. for i = 1,2,--- ,n be the vertices in the second set. Now join uj,. to wi44,1 and uj 


to wi4i,1- The resultant graph is denoted as G(K2) and it has 4n vertices and 6n — 2 edges. 


The graph G(K2) obtained by 3 copies of Ke is shown in Figure 2.3. 


Figure 2.3 
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Theorem 2.3 The graph G(K2) is odd graceful. 


Proof Let wii, Ui,2,Uj1,Uj,2 for i = 1,2,--- ,n be the set of vertices of G(K2). Define a function 
f : V(G) = {0,1,2,--- ,12n — 5 = [2(6n — 2)] — 1} such that 
f(r) = 0 
f(w4ii) = 8-—4,fori=1,2, yn—1 
f(ur,2 = 12n —5 
Aasn48 12n —17- 8(i- 2); 2<ix< 5 if n is even 
ee eiacad 
f(ua2) = 12n—-15-8(i-1),1l<i< + if n is even 
pe at eae 
f(uii) = 12n-9 
f(ui11) = 12n-19-8(i-2);2<i< + if n is even 
2<i< ao if n is odd 
f(udi1) = 12n-—13-8(i-1),1<i< 5 if n is even 
egg a ere 
f(ui,2) 2 
f(titi2) = 8%1<ign-1 


Easily, it can be verified that f is injective. Also, max f(v) = 12n —5,v € V(K2). Thus, 
f(v) € {0,1,2,--- ,12n — 5}. Finally, it can be easily proved that, the values of the edges are in the 
interval [1,12n — 5]. Thus, f is an odd graceful labeling . Hence, the graph G(K2) is odd graceful. 


Figure 2.4 gives an odd graceful labeling on graph G'(K2) obtained by 6 copies of Ko. 


0 87 67 45357 124356 2029 49) «628 19 47 36 5 a 


63 61 9 57 59 51 g 45 53 87 16 35 51 27 94 21 45 13 39 11 43 3 40 
Figure 2.4 
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Scientific conclusions are the gold with limited amount; while scientific means 
is the magic that can be utilized to produce endless amount of gold. 


By Cai Yuanpei, a Chinese educator. 
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